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Pusey & van Megen, Nature 320, 340 (1986)
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Particle interactions
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as well as anisotropic interactions,
(e.g. dipol or ‘patchy’ interactions)
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Non-crystalline materials
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Characterization - arrangement

r

radial distribution function g(r)
(N/V) g(r) d3r is the number of particles in d3r at r

g(r)

g(r)

distance r

g(r)

gas

crystal

glass

contains information on interactions
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Characterization – particle       .

particle size

particle shape

particle structure
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Two-slit experiment

lecture notes A. Boothroyd
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Scattering by a particle

particle = ensemble of small volume elements dV (using Born approx.)

with scattering vector Q = ki - kf
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scatt. length density b(r)

∆b(r) = bpart(r) – bmedium
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Scattering by many particles

many particles = ensemble of particles j=1..N (using Born approx.)

Rj
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r‘Fourier transform’

Fourier transform
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Differential cross section

time-averaged (or ensemble-averaged) differential cross section is detected

assumption: all particles are identical, i.e.

(important: particle properties must not be linked to their positions)
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Differential cross section

time-averaged (or ensemble-averaged) differential cross section is detected

‘prefactor’
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(random walk) = P(q)
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Form factor P(Q)
homogenous sphere
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Form factor P(Q)
polydisperse homogenous spheres

form factorradius of gyration
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Structure factor S(Q)
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Structure factor S(Q)
dumbbell
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spherical averaging

P(q) of a sphere
dumbbell = 2 spheres

…..
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Structure factor S(Q)
dumbbell
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Data analysis
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<latexit sha1_base64="/EqVvdhKNSXKN0N+idkZLlG+7ic=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBAiaNiViDkGvHiMYB6QhDA76SRDZnaXmV4xLPkJL/6KFw+KeBW8+TdOHqAmFjQUVd10d/mRFAZd98tZWl5ZXVtPbaQ3t7Z3djN7+1UTxppDhYcy1HWfGZAigAoKlFCPNDDlS6j5g6uxX7sDbUQY3OIwgpZivUB0BWdopXbmtGmEojm/3US4R62SiGkc0TP6oyjoiFiNTmi1ncm6eXcCuki8GcmSGcrtzGezE/JYQYBcMmManhthK7ErBJcwSjdjAxHjA9aDhqUBU2BayeSrET22Sod2Q20rQDpRf08kTBkzVL7tVAz7Zt4bi/95jRi7xVYigihGCPh0UTeWFEM6joh2hAaOcmgJ41rYWynvM8042iDTNgRv/uVFUj3Pe4X8xU0hWyrO4kiRQ3JEcsQjl6RErkmZVAgnD+SJvJBX59F5dt6c92nrkjObOSB/4Hx8A4OknwQ=</latexit>

bmedium = (1� �B)bA + �BbB = bA + �B(bB � bA)

<latexit sha1_base64="AiD0tClcSfkAyz0x/+N8zz9xAXs="></latexit>

d�

d⌦
⇠ (bpart � bmedium)

2 = (bpart � {bA + �B(bA � bA)})2

<latexit sha1_base64="rGcNMzsMbDD3unDYjAoh16FAqgo="></latexit>

⇠ (bB � bA)
2(�m � �B)

2 , �m =
bpart � bA
bB � bA

<latexit sha1_base64="+hNuv1123bXxaOlk3HhlCxecn9w="></latexit>
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(Solvent) contrast variation

fB fB

match point fm
match point fm

d�

d⌦
(0)

<latexit sha1_base64="bm0XHbeJh6y/EA1SOeiiFeKBPwA=">AAACFXicbVBNS8NAEN34WetX1aOXYBEqSEmkYo8FL96sYD+gKWWznbSLu0nYnYgl5E948a948aCIV8Gb/8btx0FbHww83pthZp4fC67Rcb6tpeWV1bX13EZ+c2t7Z7ewt9/UUaIYNFgkItX2qQbBQ2ggRwHtWAGVvoCWf3c59lv3oDSPwlscxdCVdBDygDOKRuoVTr1AUZZ6CA+oZNrPPM0Hkma/lWsJA5qVnJNeoeiUnQnsReLOSJHMUO8Vvrx+xBIJITJBte64TozdlCrkTECW9xINMWV3dAAdQ0MqQXfTyVeZfWyUvh1EylSI9kT9PZFSqfVI+qZTUhzqeW8s/ud1Egyq3ZSHcYIQsumiIBE2RvY4IrvPFTAUI0MoU9zcarMhNTGhCTJvQnDnX14kzbOyWymf31SKteosjhw5JEekRFxyQWrkitRJgzDySJ7JK3mznqwX6936mLYuWbOZA/IH1ucPeP+gNA==</latexit>

r
d�

d⌦
(0)

<latexit sha1_base64="jNtxuoLE73mn9t/hu0QRqv56h38=">AAACHHicbVDJSsRAEO24juM26tFLcBD0MiQu6HHAizdHcBaYhKHTqYyN3UnsrohDyId48Ve8eFDEiwfBv7FnOYzLg4LHe1VU1QtSwTU6zpc1Mzs3v7BYWiovr6yurVc2Nls6yRSDJktEojoB1SB4DE3kKKCTKqAyENAObs6GfvsOlOZJfIWDFHxJ+zGPOKNopF7l0NO3CnMvUpTlHsI9KpmHhad5X9JiWrmQ0KfFnrNf9CpVp+aMYP8l7oRUyQSNXuXDCxOWSYiRCap113VS9HOqkDMBRdnLNKSU3dA+dA2NqQTt56PnCnvXKKEdJcpUjPZInZ7IqdR6IAPTKSle69/eUPzP62YYnfo5j9MMIWbjRVEmbEzsYVJ2yBUwFANDKFPc3Gqza2pyQpNn2YTg/n75L2kd1Nyj2vHlUbV+OomjRLbJDtkjLjkhdXJOGqRJGHkgT+SFvFqP1rP1Zr2PW2esycwW+QHr8xvGzaOY</latexit>
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‘Prefactor’

scattering length depends on:
• nucleus, i.e. isotope (non-systematic)
• nuclear spin (magnetic scattering)
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Applications

• increase signal
improve statistics

• reduce signal
reduce multiple scattering

• reduce ‘noise’
reduce background due to solvent
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Optimize measurement

substance formula molar mass M
(g/mol)

density v-1
(g/cm3)

scatt. length dens. b
(1010 cm-2)

polystyrene
(C8H8)n (104.2)n 1.04 1.44

(C8D8)n (112.2)n ~1.12 6.44

cyclohexane
C6H12 84.2 0.779 - 0.24

C6D12 96.2 0.893 6.74

example: dilute polystyrene spheres in cyclohexane
with R = 10 nm, c = 10 mg/ml (≈ 1%)
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Optimize measurement

example: dilute polystyrene spheres in cyclohexane
with R = 10 nm, c = 10 mg/ml (≈ 1%)

excess spheres (‘signal’)
H in H: 10.8 cm-1

H in D: 113.1 cm-1

D in H: 179.7 cm-1

D in D: 0.4 cm-1

  

€ 

dΣ
dΩ

D in H

H in D

H in H

D in D

in D

in H

solvent (‘noise’)
in H: 0.43 cm-1

in D: 0.01 cm-1
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Heterogeneous samples
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Heterogeneous particles
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(Solvent) contrast variation

fB

    

€ 

φpart =
φs Vs−Vc( ) +φcVc

Vs
=

0.3× 1.53 −13( ) + 0.7 ×13

1.53
= 0.42

match point

Rs = 1.5 Rc
fs = 0.3
fc = 0.7

fcfs

fB

fcfs

match point

d�

d⌦
(0)

<latexit sha1_base64="bm0XHbeJh6y/EA1SOeiiFeKBPwA=">AAACFXicbVBNS8NAEN34WetX1aOXYBEqSEmkYo8FL96sYD+gKWWznbSLu0nYnYgl5E948a948aCIV8Gb/8btx0FbHww83pthZp4fC67Rcb6tpeWV1bX13EZ+c2t7Z7ewt9/UUaIYNFgkItX2qQbBQ2ggRwHtWAGVvoCWf3c59lv3oDSPwlscxdCVdBDygDOKRuoVTr1AUZZ6CA+oZNrPPM0Hkma/lWsJA5qVnJNeoeiUnQnsReLOSJHMUO8Vvrx+xBIJITJBte64TozdlCrkTECW9xINMWV3dAAdQ0MqQXfTyVeZfWyUvh1EylSI9kT9PZFSqfVI+qZTUhzqeW8s/ud1Egyq3ZSHcYIQsumiIBE2RvY4IrvPFTAUI0MoU9zcarMhNTGhCTJvQnDnX14kzbOyWymf31SKteosjhw5JEekRFxyQWrkitRJgzDySJ7JK3mznqwX6936mLYuWbOZA/IH1ucPeP+gNA==</latexit>

r
d�

d⌦
(0)

<latexit sha1_base64="jNtxuoLE73mn9t/hu0QRqv56h38=">AAACHHicbVDJSsRAEO24juM26tFLcBD0MiQu6HHAizdHcBaYhKHTqYyN3UnsrohDyId48Ve8eFDEiwfBv7FnOYzLg4LHe1VU1QtSwTU6zpc1Mzs3v7BYWiovr6yurVc2Nls6yRSDJktEojoB1SB4DE3kKKCTKqAyENAObs6GfvsOlOZJfIWDFHxJ+zGPOKNopF7l0NO3CnMvUpTlHsI9KpmHhad5X9JiWrmQ0KfFnrNf9CpVp+aMYP8l7oRUyQSNXuXDCxOWSYiRCap113VS9HOqkDMBRdnLNKSU3dA+dA2NqQTt56PnCnvXKKEdJcpUjPZInZ7IqdR6IAPTKSle69/eUPzP62YYnfo5j9MMIWbjRVEmbEzsYVJ2yBUwFANDKFPc3Gqza2pyQpNn2YTg/n75L2kd1Nyj2vHlUbV+OomjRLbJDtkjLjkhdXJOGqRJGHkgT+SFvFqP1rP1Zr2PW2esycwW+QHr8xvGzaOY</latexit>
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(Solvent) contrast variation

q/Rc

log

log q/Rc

Rs = 1.5 Rc
fs = 0.3
fc = 0.7
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d�

d⌦
= hbi2

X

j

X

k 6=j

heiQ·rjki+Nhb2i

<latexit sha1_base64="0AJ2OQuNPR7e9D6yEJdgtoLs4QY="></latexit>

Differential cross section

d�

d⌦
(Q) ⇠ N | sc

p (0)|2
| sc

p (Q)|2

| sc
p (0)|2

1

N

X

k

X

j

D
eiQ(Rj(t)�Rk(t))

E

<latexit sha1_base64="NdH0YsZL4Hsq3v6w825CBIka3OA="></latexit>

⇠
X

k

X

j

D
 sc
p,j(Q) sc ?

p,k (Q) eiQ·(Rj�Rk)
E

<latexit sha1_base64="wXX0ZlnvqDPYwEQ6KJUjLJEKAgo="></latexit>

d�

d⌦
(Q) ⇠ | sc|2

<latexit sha1_base64="z1jyj1k5n+uJkNHrRf9OSFEaoCc="></latexit>

identical scatterers

but bj, bk depend on nucleus (isotope) and spin

j = k : hbj bk eiQ·rjki = hb2j i = hb2i

<latexit sha1_base64="ThOA4VNNrFql60x6up5oA/L2M0o="></latexit>

j 6= k : hbj bk eiQ·rjki = hbji hbki heiQ·rjki = hbi2 heiQ·rjki

<latexit sha1_base64="ePK6WtHAmUwa20yApb9pESQO+CU="></latexit>

j 6= k : hbj bk eiQ·rjki = hbji hbki heiQ·rjki = hbi2 heiQ·rjki

<latexit sha1_base64="ePK6WtHAmUwa20yApb9pESQO+CU="></latexit>

d�

d⌦
⇠

X

j

X

k

hbj bk eiQ·rjki =
X

j

X

k 6=j

hbj bk eiQ·rjki+
X

j

hbj bj eiQ·rjki

<latexit sha1_base64="huMgJCEDfDMGaLNfzCIUb1dFbWI="></latexit>

thus for same isotope

d�

d⌦
= hbi2

X

j

X

k

heiQ·rjki+N
�
hb2i � hbi2

 

<latexit sha1_base64="xLI8kju7Qt7IWzF2dgvCM8dFqhw="></latexit>

+N
�
hb2i � hbi2

 

<latexit sha1_base64="cyt/dpElshfUQdxa3lFBJg/ACu4=">AAACKnicbZBdSwJBFIZn7cvsy+qymyEJgkh2xchLo5uuwiBTcE1mx7M6ODu7zMwGsvh7uumvdONFId32Qxp1o9IODDy87zmcOa8Xcaa0bU+szMrq2vpGdjO3tb2zu5ffP3hQYSwp1GnIQ9n0iALOBNQ10xyakQQSeBwa3uB66jeeQCoWins9jKAdkJ5gPqNEG6mTvzrDt9jl4GvsJgaI6HHA3mMJu3LO5z/qtzZzWa9vZka5Tr5gF+1Z4WVwUiigtGqd/NjthjQOQGjKiVItx450OyFSM8phlHNjBRGhA9KDlkFBAlDtZHbqCJ8YpYv9UJonNJ6pvycSEig1DDzTGRDdV4veVPzPa8Xar7QTJqJYg6DzRX7MsQ7xNDfcZRKo5kMDhEpm/oppn0hCtUl3GoKzePIyPJSKTrl4cVcuVCtpHFl0hI7RKXLQJaqiG1RDdUTRM3pFb+jderHG1sT6mLdmrHTmEP0p6/MLSHekwA==</latexit>
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Differential cross section

• contains structural information on
particles & arrangement (eiQr term)

• collective properties of particles
(S(Q), Dc)

coherent cross section

    

€ 

σ coh = 4π b
2

• contains no structural information on
arrangement (no interference term, 
missing phase relation)

• properties of individual particles
(Ds)

incoherent cross section
σ incoh = 4π b2 − b 2( )

d�

d⌦
= hbi2

X

j

X

k

heiQ·rjki+N
�
hb2i � hbi2

 

<latexit sha1_base64="xLI8kju7Qt7IWzF2dgvCM8dFqhw="></latexit>

+N
�
hb2i � hbi2

 

<latexit sha1_base64="cyt/dpElshfUQdxa3lFBJg/ACu4=">AAACKnicbZBdSwJBFIZn7cvsy+qymyEJgkh2xchLo5uuwiBTcE1mx7M6ODu7zMwGsvh7uumvdONFId32Qxp1o9IODDy87zmcOa8Xcaa0bU+szMrq2vpGdjO3tb2zu5ffP3hQYSwp1GnIQ9n0iALOBNQ10xyakQQSeBwa3uB66jeeQCoWins9jKAdkJ5gPqNEG6mTvzrDt9jl4GvsJgaI6HHA3mMJu3LO5z/qtzZzWa9vZka5Tr5gF+1Z4WVwUiigtGqd/NjthjQOQGjKiVItx450OyFSM8phlHNjBRGhA9KDlkFBAlDtZHbqCJ8YpYv9UJonNJ6pvycSEig1DDzTGRDdV4veVPzPa8Xar7QTJqJYg6DzRX7MsQ7xNDfcZRKo5kMDhEpm/oppn0hCtUl3GoKzePIyPJSKTrl4cVcuVCtpHFl0hI7RKXLQJaqiG1RDdUTRM3pFb+jderHG1sT6mLdmrHTmEP0p6/MLSHekwA==</latexit>
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d�

d⌦
= hbi2

X

j

X

k

heiQ·rjki+N
�
hb2i � hbi2

 

<latexit sha1_base64="xLI8kju7Qt7IWzF2dgvCM8dFqhw="></latexit>

+N
�
hb2i � hbi2

 

<latexit sha1_base64="cyt/dpElshfUQdxa3lFBJg/ACu4=">AAACKnicbZBdSwJBFIZn7cvsy+qymyEJgkh2xchLo5uuwiBTcE1mx7M6ODu7zMwGsvh7uumvdONFId32Qxp1o9IODDy87zmcOa8Xcaa0bU+szMrq2vpGdjO3tb2zu5ffP3hQYSwp1GnIQ9n0iALOBNQ10xyakQQSeBwa3uB66jeeQCoWins9jKAdkJ5gPqNEG6mTvzrDt9jl4GvsJgaI6HHA3mMJu3LO5z/qtzZzWa9vZka5Tr5gF+1Z4WVwUiigtGqd/NjthjQOQGjKiVItx450OyFSM8phlHNjBRGhA9KDlkFBAlDtZHbqCJ8YpYv9UJonNJ6pvycSEig1DDzTGRDdV4veVPzPa8Xar7QTJqJYg6DzRX7MsQ7xNDfcZRKo5kMDhEpm/oppn0hCtUl3GoKzePIyPJSKTrl4cVcuVCtpHFl0hI7RKXLQJaqiG1RDdUTRM3pFb+jderHG1sT6mLdmrHTmEP0p6/MLSHekwA==</latexit>

Zero average contrast

identical particles, but hydrogenated (bH) and deuterated (bD) species
in H/D-solvent such that ∆bH = - ∆bD

⇒ b =
1
2
(ΔbH +ΔbD ) = 0 b2 =

1
2
(ΔbH

2 +ΔbD
2 ) = ΔbH

2 = ΔbD
2

⇒ coherent contribution = 0
(i.e. structural contribution)

incoherent contribution ≠ 0
(i.e. individual particle contribution)

• contains structural information on
particles & arrangement (eiQr term)

• collective properties of particles
(S(Q), Dc)

coherent cross section

    

€ 

σ coh = 4π b
2

• contains no structural information on
arrangement (no interference term, 
missing phase relation)

• properties of individual particles
(Ds)

incoherent cross section
σ incoh = 4π b2 − b 2( )
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Isotope substitution

solvent isotope substitution can cause
• shift in cmc (generally higher in H2O) 

• shift in Q temperature (±4°C for PS in cyclohexane) or critical point

• shift in melting point (6°C for polyethylene)

• selective adsorption

• exchange of particle H/D with solvent (e.g. OH, NH, COOH groups,  
scattering length density becomes a function of the solvent H/D ratio)

• …

‘particle’ isotope substitution can cause
• phase separation (e.g. H- and D-polymer)

• …
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Conclusions

non-crystaline materials are wonderful
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