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Motivation
How to make a complex problem simple?

Sr
Fe3 tet. 
Fe2 bipym. 
Fe1/Fe4/Fe5 oct. 
O

Complex crystal structure 
(24 magnetic ions in unit cell)
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Motivation
How to benefit from macroscopic properties?

Kimura et al. (2008) Nat. Mater. 7 291

CuO (multiferroic)

collinear AF

Cannot induce P!

magnetic spiral

Can induce P!
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Motivation
How to benefit from macroscopic properties?

SYMMETRYSYMMETRY
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Outline

‣ Magnetic symmetry 
    symmetry operators, time inversion 

‣ Group theory 
   irreducible representations 

‣ Magnetic structure refinement 
   single irrep, mixed irrep, SDW, cycloid, … 

‣ Conclusion 
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Magnetic symmetry
Crystallographic and magnetic space groups

it.iucr.org

230 crystallographic space groups

iucr.org/publ/978-0-9553602-2-0

1651 magnetic space groups

space groups are groups in the mathematical sense             group theory
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Magnetic symmetry
Conventional symmetry operators

Rotations (order n: 2𝜋/n) Mirror planes (m)

Screw axes (rot + trans) Glide planes (mirror + trans)

Inversion (  )1̄
<latexit sha1_base64="DbcxVAnwRaZD5QZljj6sS8FTGw8=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBg5REBT0WvHisYD+gDWWy3bRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH7uFRSyeZoqxJE5GoToiaCS5Z03AjWCdVDONQsHY4vpv57SemNE/ko5mkLIhxKHnEKRortXshqtyf9t2qV/PmIKvEL0gVCjT67ldvkNAsZtJQgVp3fS81QY7KcCrYtNLLNEuRjnHIupZKjJkO8vm5U3JmlQGJEmVLGjJXf0/kGGs9iUPbGaMZ6WVvJv7ndTMT3QY5l2lmmKSLRVEmiEnI7Hcy4IpRIyaWIFXc3kroCBVSYxOq2BD85ZdXSeuy5l/V/Ifrav2iiKMMJ3AK5+DDDdThHhrQBApjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAyc49n</latexit>

Roto-inversion (  )n̄
<latexit sha1_base64="purDSFhgj0DuDQqUAZ2j3dF/G0Y=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBg5REBT0WvHisYD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH7uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfju5nffkKleSIfzSTFIKZDySPOqLFSuxdSlctp3616NW8Oskr8glShQKPvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEt0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAj+8surpHVZ869q/sN1tX5RxFGGEziFc/DhBupwDw1oAoMxPMMrvDmp8+K8Ox+L1pJTzBzDHzifP48kj6Q=</latexit>
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Magnetic symmetry
Magnetic symmetry operators

Magnetic symmetry operations = “usual” crystallographic symmetries + time inversion 

A magnetic moment transforms like an axial or pseudo vector

2: conserved, inverted

2’: inverted, conserved

µ↵ k 2
<latexit sha1_base64="QFAAPVBI5STrr1pvUcy87sf41ks=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXEiZqYIuC25cVrAP6AxDJs20oUkmJBmhjF34K25cKOLW33Dn35i2s9DWAxcO59zLvffEklFtPO/bKa2srq1vlDcrW9s7u3vu/kFbp5nCpIVTlqpujDRhVJCWoYaRrlQE8ZiRTjy6mfqdB6I0TcW9GUsScjQQNKEYGStF7lHAsyhATA5RIJFCjBEG6zByq17NmwEuE78gVVCgGblfQT/FGSfCYIa07vmeNGGOlKGYkUklyDSRCI/QgPQsFYgTHeaz+yfw1Cp9mKTKljBwpv6eyBHXesxj28mRGepFbyr+5/Uyk1yHORUyM0Tg+aIkY9CkcBoG7FNFsGFjSxBW1N4K8dCmgI2NrGJD8BdfXibtes2/qPl3l9XGeRFHGRyDE3AGfHAFGuAWNEELYPAInsEreHOenBfn3fmYt5acYuYQ/IHz+QNPuJWO</latexit>

µ↵ k 20
<latexit sha1_base64="gNlxaRQ6vAbAkJjxGgzPg0MNxBQ=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyiCykzVdBlwY3LCvYBnWHIpJk2NMmEJCOUsQt/xY0LRdz6G+78G9N2Ftp64MLhnHu5955YMqqN5307S8srq2vrpY3y5tb2zq67t9/SaaYwaeKUpaoTI00YFaRpqGGkIxVBPGakHQ9vJn77gShNU3FvRpKEHPUFTShGxkqRexjwLAoQkwMUSKQQY4TB2mnkVryqNwVcJH5BKqBAI3K/gl6KM06EwQxp3fU9acIcKUMxI+NykGkiER6iPulaKhAnOsyn94/hiVV6MEmVLWHgVP09kSOu9YjHtpMjM9Dz3kT8z+tmJrkOcypkZojAs0VJxqBJ4SQM2KOKYMNGliCsqL0V4oFNARsbWdmG4M+/vEhatap/UfXvLiv18yKOEjgCx+AM+OAK1MEtaIAmwOARPINX8OY8OS/Ou/Mxa11yipkD8AfO5w9aVJWV</latexit>

µ↵ ? 20
<latexit sha1_base64="1FuWwBRAoi5+f9Ukdq7cu//UaN0=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvoQspMFXRZcOOygn1AZxgyaaYNTTIhyYhl6K+4caGIW3/EnX9j2s5CWw9cOJxzL/feE0tGtfG8b6e0tr6xuVXeruzs7u0fuIfVjk4zhUkbpyxVvRhpwqggbUMNIz2pCOIxI914fDvzu49EaZqKBzORJORoKGhCMTJWitxqwLMoQEyOUCCJkrBxFrk1r+7NAVeJX5AaKNCK3K9gkOKME2EwQ1r3fU+aMEfKUMzItBJkmkiEx2hI+pYKxIkO8/ntU3hqlQFMUmVLGDhXf0/kiGs94bHt5MiM9LI3E//z+plJbsKcCpkZIvBiUZIxaFI4CwIOqCLYsIklCCtqb4V4hBTCxsZVsSH4yy+vkk6j7l/W/furWvOiiKMMjsEJOAc+uAZNcAdaoA0weALP4BW8OVPnxXl3PhatJaeYOQJ/4Hz+AD74k9c=</latexit>

µ↵ ? 2
<latexit sha1_base64="VLbNMf5eJHF7Cc/H0TQIJ1J0zFk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgQspMFXRZcOOygn1AZxgyaaYNTTIhyShl7Ke4caGIW7/EnX9j2s5CWw9cOJxzL/feE0tGtfG8b6e0tr6xuVXeruzs7u0fuNXDjk4zhUkbpyxVvRhpwqggbUMNIz2pCOIxI914fDPzuw9EaZqKezORJORoKGhCMTJWitxqwLMoQEyOUCCJkrARuTWv7s0BV4lfkBoo0Ircr2CQ4owTYTBDWvd9T5owR8pQzMi0EmSaSITHaEj6lgrEiQ7z+elTeGqVAUxSZUsYOFd/T+SIaz3hse3kyIz0sjcT//P6mUmuw5wKmRki8GJRkjFoUjjLAQ6oItiwiSUIK2pvhXiEFMLGplWxIfjLL6+STqPuX9T9u8ta87yIowyOwQk4Az64Ak1wC1qgDTB4BM/gFbw5T86L8+58LFpLTjFzBP7A+fwB2EaTpg==</latexit>

m: 

conserved, invertedm’: 

inverted, conservedµ↵ k m
<latexit sha1_base64="ktT9EKrTSmWeWCNRPvIIgnXfKpM=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPEhJVNBjwYvHCvYDmhA22227dHcTdjdCCQX/ihcPinj1d3jz37htc9DWBwOP92aYmRennGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6yRShTZLwRHVirClnkjYNM5x2UkWxiDltx6Pbqd9+pEqzRD6YcUpDgQeS9RnBxkqRexSILAowT4c4SLHCnFOORORWvZo3A1omfkGqUKARuV9BLyGZoNIQjrXu+l5qwhwrwwink0qQaZpiMsID2rVUYkF1mM/On6BTq/RQP1G2pEEz9fdEjoXWYxHbToHNUC96U/E/r5uZ/k2YM5lmhkoyX9TPODIJmmaBekxRYvjYEkwUs7ciMrQhEGMTq9gQ/MWXl0nrouZf1vz7q2r9vIijDMdwAmfgwzXU4Q4a0AQCOTzDK7w5T86L8+58zFtLTjFzCH/gfP4AS3+Vnw==</latexit>

µ↵ k m0
<latexit sha1_base64="BEeoDznyz7ui1ZS34UEAF12ezBw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXUiZUUGXBTcuK9gHdIYhk2ba0CQTkoxQxi78FTcuFHHrb7jzb0zbWWjrgQuHc+7l3ntiyag2nvftlJaWV1bXyuuVjc2t7R13d6+l00xh0sQpS1UnRpowKkjTUMNIRyqCeMxIOx7eTPz2A1GapuLejCQJOeoLmlCMjJUi9yDgWRQgJgcokEghxgiD/CRyq17NmwIuEr8gVVCgEblfQS/FGSfCYIa07vqeNGGOlKGYkXElyDSRCA9Rn3QtFYgTHebT+8fw2Co9mKTKljBwqv6eyBHXesRj28mRGeh5byL+53Uzk1yHORUyM0Tg2aIkY9CkcBIG7FFFsGEjSxBW1N4K8cCmgI2NrGJD8OdfXiSt85p/UfPvLqv1syKOMjgER+AU+OAK1MEtaIAmwOARPINX8OY8OS/Ou/Mxay05xcw++APn8wez+5XQ</latexit>

µ↵ ? m0
<latexit sha1_base64="d1YBdS+J8b0w1Ln+p5z7ujVk3vs=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0X0ICVRQY8FLx4r2A9oQthsN+3S3WTZ3Ygl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5keRMG9f9dlZW19Y3Nktb5e2d3b39ykG1rdNMEdoiKU9VN8KacpbQlmGG065UFIuI0040up36nUeqNEuTBzOWNBB4kLCYEWysFFaqvshCH3M5xL6kSiJxGlZqbt2dAS0TryA1KNAMK19+PyWZoIkhHGvd81xpghwrwwink7KfaSoxGeEB7VmaYEF1kM9un6ATq/RRnCpbiUEz9fdEjoXWYxHZToHNUC96U/E/r5eZ+CbIWSIzQxMyXxRnHJkUTYNAfaYoMXxsCSaK2VsRGWKFibFxlW0I3uLLy6R9Ufcu6979Va1xXsRRgiM4hjPw4BoacAdNaAGBJ3iGV3hzJs6L8+58zFtXnGLmEP7A+fwBmJ+UEg==</latexit>

µ↵ ? m
<latexit sha1_base64="EJF1mmQEkBFKzkfb4mK7vzfpj0Q=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwICVRQY8FLx4r2A9oQthsp+3S3WTZ3Sgl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5seRMG8/7dlZW19Y3Nktb5e2d3b19t3LQ0mmmKDRpylPViYkGzhJoGmY4dKQCImIO7Xh0M/XbD6A0S5N7M5YQCjJIWJ9RYqwUuZVAZFFAuBySQIKSWERu1at5M+Bl4hekigo0Ivcr6KU0E5AYyonWXd+TJsyJMoxymJSDTIMkdEQG0LU0IQJ0mM9On+ATq/RwP1W2EoNn6u+JnAitxyK2nYKYoV70puJ/Xjcz/eswZ4nMDCR0vqifcWxSPM0B95gCavjYEkIVs7diOiSKUGPTKtsQ/MWXl0nrvOZf1Py7y2r9rIijhI7QMTpFPrpCdXSLGqiJKHpEz+gVvTlPzovz7nzMW1ecYuYQ/YHz+QMxwZPh</latexit>
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Magnetic symmetry
Magnetic symmetry operators

Magnetic moments on special Wyckoff positions have less degrees of freedom. 

Not using the magnetic symmetry is like treating the crystal structure in P1!

   on 2        only µk
<latexit sha1_base64="NeKRj+xywyid8lVxAwDfIJnwm0s=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgQUqigh4LXjxWsB/QhLLZTtqlu5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmRSln2njet1NYW9/Y3Cpul3Z29/YPyodHTZ1kimKDJjxR7Yho5ExiwzDDsZ0qJCLi2IqGdzO/NUKlWSIfzTjFUJC+ZDGjxFgpDETWDVKiCOfIu+WKV/XmcFeJn5MK5Kh3y19BL6GZQGkoJ1p3fC814YQowyjHaSnINKaEDkkfO5ZKIlCHk/nRU/fMKj03TpQtady5+ntiQoTWYxHZTkHMQC97M/E/r5OZ+DacMJlmBiVdLIoz7prEnSXg9phCavjYEkIVs7e6dGAjoMbmVLIh+Msvr5LmZdW/qvoP15XaRR5HEU7gFM7BhxuowT3UoQEUnuAZXuHNGTkvzrvzsWgtOPnMMfyB8/kDA/aSLw==</latexit>

µ
<latexit sha1_base64="ep49bjwfQIJdI+unCTVPtkxisiE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFOBS0DNpYRjQkkR9jb7CVLdveO3TkhhPwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v7Bo00yw3iDJTIxrYhaLoXmDRQoeSs1nKpI8mY0vJn6zSdurEj0A45SHira1yIWjKKT7jsq65YrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDw7dUJOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfB2OhU4z5JrNF8WZJJiQ6d+kJwxnKEeOUGaEu5WwATWUoUun5EIIFl9eJo/n1eCiGtxdVmpneRxFOIJjOIUArqAGt1CHBjDowzO8wpsnvRfv3fuYtxa8fOYQ/sD7/AFXvI3D</latexit>

   on 2’        only µ?
<latexit sha1_base64="I1Bii4z9ZYv1X/qdXHFy7YYzRvM=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgQcquCnosePFYwdZKdynZdLYNTbIhyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzYsWZsb7/7ZVWVtfWN8qbla3tnd296v5B26SZptCiKU91JyYGOJPQssxy6CgNRMQcHuLRzdR/eAJtWCrv7VhBJMhAsoRRYp30GIqsFyrQqlet+XV/BrxMgoLUUIFmr/oV9lOaCZCWcmJMN/CVjXKiLaMcJpUwM6AIHZEBdB2VRICJ8tnBE3zilD5OUu1KWjxTf0/kRBgzFrHrFMQOzaI3Ff/zuplNrqOcSZVZkHS+KMk4timefo/7TAO1fOwIoZq5WzEdEk2odRlVXAjB4svLpH1eDy7qwd1lrXFWxFFGR+gYnaIAXaEGukVN1EIUCfSMXtGbp70X7937mLeWvGLmEP2B9/kD95mQcQ==</latexit>

µ
<latexit sha1_base64="ep49bjwfQIJdI+unCTVPtkxisiE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFOBS0DNpYRjQkkR9jb7CVLdveO3TkhhPwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v7Bo00yw3iDJTIxrYhaLoXmDRQoeSs1nKpI8mY0vJn6zSdurEj0A45SHira1yIWjKKT7jsq65YrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDw7dUJOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfB2OhU4z5JrNF8WZJJiQ6d+kJwxnKEeOUGaEu5WwATWUoUun5EIIFl9eJo/n1eCiGtxdVmpneRxFOIJjOIUArqAGt1CHBjDowzO8wpsnvRfv3fuYtxa8fOYQ/sD7/AFXvI3D</latexit>
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Magnetic symmetry
Magnetic symmetry operators

Seitz notation: (R|t)

Symmetry contained in the coordination triplet: 
e.g. 21 screw axis along c: -x, -y, z+1/2

Mathematical description (polar vectors):

Axial vectors:

0

@
x0

y0

z0

1

A =

0

@
R11 R12 R13

R21 R22 R23

R31 R32 R33

1

A ·

0

@
x
y
z

1

A+

0

@
t1
t2
t3

1

A

<latexit sha1_base64="obgHSWBiKHeRcj7pLdAExRNZ5LI="></latexit>

0

@
u0

v0

w0

1

A = det(R) · T ·

0

@
R11 R12 R13

R21 R22 R23

R31 R32 R33

1

A ·

0

@
u
v
w

1

A

<latexit sha1_base64="v0Yxtzle5MelISH+lH4HVsTlj1g="></latexit>
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Group theory
Definitions

Physical systems (crystals and magnetic structures) are provided with a certain symmetry, 
which needs to be reflected correctly in a mathematical way.

Definition of a group:

A group G of order n is a set of distinct elements g1, g2, …, gn. Any two elements gi and gj combined by an 
operation called the group multiplication (○) should satisfy the following four axioms:

‣ closed under multiplication: the unique product gi ○ gj also belongs to G 
‣ the associative law holds: gk ○ (gj ○ gi) = (gk ○ gj) ○ gi 

‣ there exists an identity element: E ○ g = g ○ E = g 

‣ there exists an inverse element: g-1 ○ g = g ○ g-1 = E

Space groups fulfil those four axioms!

If any two elements commute, then the group is Abelian: gj ○ gi = gi ○ gj
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Group theory
Definitions

Physical systems (crystals and magnetic structures) are provided with a certain symmetry, 
which needs to be reflected correctly in a mathematical way.

H is a subgroup of G, if it is a group itself (fulfils the 4 axioms) and if all elements hi are elements of G.

Definition of a class:

Group elements which are conjugate to each other can be classified into classes.  
An element b is conjugate to a if there is a group element g so that b = gag-1.

In Abelian groups every group element builds a class of its own:

gag�1 = gg�1a = Ea = a
<latexit sha1_base64="G8hXjULToWYocPp8/eRh1+HE+hc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXGiZUUE3hYIILivYB7RjuZOm09BMZkgyQhm78FfcuFDErb/hzr8xbWehrQcu93DOveTm+DFnSjvOt5VbWFxaXsmvFtbWNza37O2duooSSWiNRDySTR8U5UzQmmaa02YsKYQ+pw1/cDX2Gw9UKhaJOz2MqRdCIFiPEdBG6th7AQT36Yk7KgfTDuVrKEPHLjolZwI8T9yMFFGGasf+ancjkoRUaMJBqZbrxNpLQWpGOB0V2omiMZABBLRlqICQKi+d3D/Ch0bp4l4kTQmNJ+rvjRRCpYahbyZD0H01643F/7xWonuXXspEnGgqyPShXsKxjvA4DNxlkhLNh4YAkczcikkfJBBtIiuYENzZL8+T+mnJPSu5t+fFynEWRx7towN0hFx0gSroBlVRDRH0iJ7RK3qznqwX6936mI7mrGxnF/2B9fkDYjOU+A==</latexit>

Definition of a subgroup:
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Group theory
Example - Ni3V2O8

Space group Cmce, magnetic Ni ions on Wyckoff sites 4a (0,0,0) and 8e (1/4,y,1/4)

Symmetry operators:

Generators selected:

(1) 1
<latexit sha1_base64="1rQjZTiwrQWnzh485h0Kx8a2jHc=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAiSNhRQY8BLx4jmAdklzA76SRDZh/M9IphyW948aCIV3/Gm3/jJNmDJhY0FFXddHcFiZIGXffbWVldW9/YLGwVt3d29/ZLB4dNE6daQEPEKtbtgBtQMoIGSlTQTjTwMFDQCka3U7/1CNrIOHrAcQJ+yAeR7EvB0Uqeh/CEWYWdUTbplspu1Z2BLhOWkzLJUe+WvrxeLNIQIhSKG9NhboJ+xjVKoWBS9FIDCRcjPoCOpREPwfjZ7OYJPbVKj/ZjbStCOlN/T2Q8NGYcBrYz5Dg0i95U/M/rpNi/8TMZJSlCJOaL+qmiGNNpALQnNQhUY0u40NLeSsWQay7QxlS0IbDFl5dJ86LKLqvs/qpcO8/jKJBjckIqhJFrUiN3pE4aRJCEPJNX8uakzovz7nzMW1ecfOaI/IHz+QPLWZDL</latexit>

(2) 2(0, 0, 1/2) 0, 1/4, z
<latexit sha1_base64="SVgTlGJ7uazEH1Et+9nb7GVXlrA=">AAACD3icbZDLSgMxFIYz9VbrrerSTbBVWih1phZ0WXDjsoK9QGcomTTThmYuJGfEOvQN3Pgqblwo4tatO9/G9LLQ1kMCH/9/Dsn53UhwBab5baRWVtfWN9Kbma3tnd297P5BU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13eDXxW3dMKh4GtzCKmOOTfsA9TgloqZs9tYHdQ1KoFHGlYJawPtZZpWhje4bVEs4/5MfdbM4sm9PCy2DNIYfmVe9mv+xeSGOfBUAFUapjmRE4CZHAqWDjjB0rFhE6JH3W0RgQnyknme4zxida6WEvlPoGgKfq74mE+EqNfFd3+gQGatGbiP95nRi8SyfhQRQDC+jsIS8WGEI8CQf3uGQUxEgDoZLrv2I6IJJQ0BFmdAjW4srL0KyUrfOydVPN1UrzONLoCB2jArLQBaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMuYzh+hPGZ8/JEOW8w==</latexit>

(3) 2(0, 1/2, 0) 0, y, 1/4
<latexit sha1_base64="r8ZfNmS7ohdid6Wr7H2dQ8q0GHU=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBpICO4CiZYkNpaYyCNhN2R2GGDC7CMzd42bDX9g46/YWGiMra2df+PwKBQ8yU3OnHNv5t7jhoIrMM1vI7W2vrG5ld7O7Ozu7R9kD49aKogkZU0aiEB2XKKY4D5rAgfBOqFkxHMFa7vj66nfvmdS8cC/gzhkjkeGPh9wSkBLvey5DewBkkK1iCsFs4Sti0oJm0Ub21i/8nF+KtUmvWzOLJsz4FViLUgOLdDoZb/sfkAjj/lABVGqa5khOAmRwKlgk4wdKRYSOiZD1tXUJx5TTjK7Z4LPtNLHg0Dq8gHP1N8TCfGUij1Xd3oERmrZm4r/ed0IBldOwv0wAubT+UeDSGAI8DQc3OeSURCxJoRKrnfFdEQkoaAjzOgQrOWTV0mrUraqZeu2lquXFnGk0Qk6RQVkoUtURzeogZqIokf0jF7Rm/FkvBjvxse8NWUsZo7RHxifPyVulvM=</latexit>

(4) 2 x, 0, 0
<latexit sha1_base64="Dn/FP9ouodu5jo8uBTf2neyJlmM=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKFUqZqQVdFty4rGAf0BlKJk3b0MyD5I60DMWNv+LGhSJu/Qp3/o1pOwttPdwLh3PuJbnHiwRXYFnfRmZtfWNzK7ud29nd2z8wD4+aKowlZQ0ailC2PaKY4AFrAAfB2pFkxPcEa3mjm5nfemBS8TC4h0nEXJ8MAt7nlICWuuaJA2wMSbF6gSsOdnBhXChhS9e0a+atsjUHXiV2SvIoRb1rfjm9kMY+C4AKolTHtiJwEyKBU8GmOSdWLCJ0RAaso2lAfKbcZH7CFJ9rpYf7odQdAJ6rvzcS4is18T096RMYqmVvJv7ndWLoX7sJD6IYWEAXD/VjgSHEszxwj0tGQUw0IVRy/VdMh0QSCjq1nA7BXj55lTQrZfuybN9V87VSGkcWnaIzVEQ2ukI1dIvqqIEoekTP6BW9GU/Gi/FufCxGM0a6c4z+wPj8AYBrlDI=</latexit>

(5) -1 0, 0, 0
<latexit sha1_base64="Gz/J0mx6LkBeUUFA694nSxCYofY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKtSS+ECXBTcuK9gHNKFMppN26OTBzI1YQt34K25cKOLWv3Dn3zhNs9Dq4V44nHMvM/d4seAKLOvLKCwsLi2vFFdLa+sbm1vm9k5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90NfXbd0wqHoW3MI6ZG5BByH1OCWipZ+45wO4hrZwf4WPbwQ62qllNembZqlkZ8F9i56SMcjR65qfTj2gSsBCoIEp1bSsGNyUSOBVsUnISxWJCR2TAupqGJGDKTbMLJvhQK33sR1J3CDhTf26kJFBqHHh6MiAwVPPeVPzP6ybgX7opD+MEWEhnD/mJwBDhaRy4zyWjIMaaECq5/iumQyIJBR1aSYdgz5/8l7ROavZpzb45K9ereRxFtI8OUAXZ6ALV0TVqoCai6AE9oRf0ajwaz8ab8T4bLRj5zi76BePjG70nk8U=</latexit>

(6) b x, y, 1/4
<latexit sha1_base64="qFaWV3oGwMvQwZAGTkCZxydd0hY=">AAACCHicbVC7SgNBFJ31GeMramnhYFaIEOKuBrUM2FhGMA/ILmF2MkmGzD6YuStZlpQ2/oqNhSK2foKdf+PkUWjigXs5nHMvM/d4keAKLOvbWFpeWV1bz2xkN7e2d3Zze/t1FcaSshoNRSibHlFM8IDVgINgzUgy4nuCNbzBzdhvPDCpeBjcQxIx1ye9gHc5JaCldu7IATaEtHB5ik3PdLCDzaFZxGaim31WHrVzeatkTYAXiT0jeTRDtZ37cjohjX0WABVEqZZtReCmRAKngo2yTqxYROiA9FhL04D4TLnp5JARPtFKB3dDqSsAPFF/b6TEVyrxPT3pE+ireW8s/ue1YuheuykPohhYQKcPdWOBIcTjVHCHS0ZBJJoQKrn+K6Z9IgkFnV1Wh2DPn7xI6ucl+6Jk35XzleIsjgw6RMeogGx0hSroFlVRDVH0iJ7RK3oznowX4934mI4uGbOdA/QHxucPt96V3Q==</latexit>

(7) c x, 1/4, z
<latexit sha1_base64="/hw7tpq0nmE8S75q0/V68bTND3A=">AAACCHicbVDJSgNBEO2JW4zbqEcPNmaECCHOaCAeA148RjALZELo6XSSJj0L3TWSOOToxV/x4kERr36CN//GznLQxAcFj/eqqKrnRYIrsO1vI7Wyura+kd7MbG3v7O6Z+wc1FcaSsioNRSgbHlFM8IBVgYNgjUgy4nuC1b3B9cSv3zOpeBjcwShiLZ/0At7llICW2uaxC2wISa50hi1qudjF1tDKY+e8mMfWgzVum1m7YE+Bl4kzJ1k0R6VtfrmdkMY+C4AKolTTsSNoJUQCp4KNM26sWETogPRYU9OA+Ey1kukjY3yqlQ7uhlJXAHiq/p5IiK/UyPd0p0+grxa9ifif14yhe9VKeBDFwAI6W9SNBYYQT1LBHS4ZBTHShFDJ9a2Y9okkFHR2GR2Cs/jyMqldFJzLgnNbzJbz8zjS6AidoBxyUAmV0Q2qoCqi6BE9o1f0ZjwZL8a78TFrTRnzmUP0B8bnD7u1leA=</latexit>

(8) m 0, y, z
<latexit sha1_base64="+BzJVhwGxycxGylIBWDeYuaPn9Y=">AAACBnicbVDLSgMxFM34rPU16lKEYEeoUMqMCnZZcOOygn1Ap5RMmrahmQfJHXEcunLjr7hxoYhbv8Gdf2PazkJbD9zL4Zx7Se7xIsEV2Pa3sbS8srq2ntvIb25t7+yae/sNFcaSsjoNRShbHlFM8IDVgYNgrUgy4nuCNb3R1cRv3jGpeBjcQhKxjk8GAe9zSkBLXfPIBXYPabFyii3fcrGL7RK2Eku3B2vcNQt22Z4CLxInIwWUodY1v9xeSGOfBUAFUart2BF0UiKBU8HGeTdWLCJ0RAasrWlAfKY66fSMMT7RSg/3Q6krADxVf2+kxFcq8T096RMYqnlvIv7ntWPoVzopD6IYWEBnD/VjgSHEk0xwj0tGQSSaECq5/iumQyIJBZ1cXofgzJ+8SBpnZee87NxcFKqlLI4cOkTHqIgcdImq6BrVUB1R9Iie0St6M56MF+Pd+JiNLhnZzgH6A+PzB90NlXQ=</latexit>

t(1, 0, 0), t(0, 1, 0), t(0, 0, 1)
<latexit sha1_base64="bMcwpPo53WYqTjqRe+R1mZWMUXQ=">AAACGXicbVDLSgMxFM3UV62vUZdugq3QQikzKuiy4MZlBfuAdiiZNNOGZh4kd8Qy9Dfc+CtuXCjiUlf+jZl2Frb1kMC559xLco8bCa7Asn6M3Nr6xuZWfruws7u3f2AeHrVUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdsc3qd9+YFLxMLiHScQcnwwD7nFKQEt90+oBe4SkBKWyXcWWPpUqTitN7YUqFSrTQt8sWjVrBrxK7IwUUYZG3/zqDUIa+ywAKohSXduKwEmIBE4FmxZ6sWIRoWMyZF1NA+Iz5SSzzab4TCsD7IVS3wDwTP07kRBfqYnv6k6fwEgte6n4n9eNwbt2Eh5EMbCAzh/yYoEhxGlMeMAloyAmmhAquf4rpiMiCQUdZhqCvbzyKmmd1+yLmn13WaxXszjy6ASdojKy0RWqo1vUQE1E0RN6QW/o3Xg2Xo0P43PemjOymWO0AOP7Fz4hmNU=</latexit>

t(1/2, 1/2, 0), (2), (3), (5)
<latexit sha1_base64="iKtzvDX/JqVyUaYJBGGyYLE3NLU=">AAACEHicbVDLTsJAFJ3iC/FVdelmIhghIdiCRpckblxiIo8EGjIdBpgwfWTm1kgaPsGNv+LGhca4denOv7EtXSh4kzk5Oefe3LnH9gVXYBjfWmZldW19I7uZ29re2d3T9w9aygskZU3qCU92bKKY4C5rAgfBOr5kxLEFa9uT69hv3zOpuOfewdRnlkNGLh9ySiCS+vppD9gDhAUoFM2zahknYJTKuFiNoRbDRWmW6+t5o2IkhZeJmZI8SqvR1796A48GDnOBCqJU1zR8sEIigVPBZrleoJhP6ISMWDeiLnGYssLkoBk+iZQBHnoyei7gRP09ERJHqaljR50OgbFa9GLxP68bwPDKCrnrB8BcOl80DAQGD8fp4AGXjIKYRoRQyaO/YjomklCIMoxDMBdPXiatasWsVczb83y9nMaRRUfoGBWRiS5RHd2gBmoiih7RM3pFb9qT9qK9ax/z1oyWzhyiP6V9/gDYdpar</latexit>
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Group theory
Example - Ni3V2O8

identify the symmetry operators of the space group which are  
compatible with the magnetic translation symmetry         little group (subgroup)

Propagation vector q=(0.5 0 0)

=q =G?

not with C centring!

R · q = q+G
<latexit sha1_base64="4e4XVzQ3fRimssxYtvK2T1Vp8RY=">AAACHXicbVDLSsNAFJ34rPUVdelmsAiCUhIt6EYouNBlFfuAJpTJdNIOnWTizEQoIT/ixl9x40IRF27Ev3HSRqmtBwbOOfde5t7jRYxKZVlfxtz8wuLScmGluLq2vrFpbm03JI8FJnXMGRctD0nCaEjqiipGWpEgKPAYaXqDi6zevCdCUh7eqmFE3AD1QupTjJS2OmbFCZDqe35ykzq4yxX80XcpPJ8Uh7/iMu2YJatsjQBniZ2TEshR65gfTpfjOCChwgxJ2batSLkJEopiRtKiE0sSITxAPdLWNEQBkW4yui6F+9rpQp8L/UIFR+7kRIICKYeBpzuzDeV0LTP/q7Vj5Z+5CQ2jWJEQjz/yYwYVh1lUsEsFwYoNNUFYUL0rxH0kEFY60KIOwZ4+eZY0jsv2Sdm+rpSqR3kcBbAL9sABsMEpqIIrUAN1gMEDeAIv4NV4NJ6NN+N93Dpn5DM74A+Mz2/IzaJB</latexit>

Symmetry operators:

(1) 1
<latexit sha1_base64="1rQjZTiwrQWnzh485h0Kx8a2jHc=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAiSNhRQY8BLx4jmAdklzA76SRDZh/M9IphyW948aCIV3/Gm3/jJNmDJhY0FFXddHcFiZIGXffbWVldW9/YLGwVt3d29/ZLB4dNE6daQEPEKtbtgBtQMoIGSlTQTjTwMFDQCka3U7/1CNrIOHrAcQJ+yAeR7EvB0Uqeh/CEWYWdUTbplspu1Z2BLhOWkzLJUe+WvrxeLNIQIhSKG9NhboJ+xjVKoWBS9FIDCRcjPoCOpREPwfjZ7OYJPbVKj/ZjbStCOlN/T2Q8NGYcBrYz5Dg0i95U/M/rpNi/8TMZJSlCJOaL+qmiGNNpALQnNQhUY0u40NLeSsWQay7QxlS0IbDFl5dJ86LKLqvs/qpcO8/jKJBjckIqhJFrUiN3pE4aRJCEPJNX8uakzovz7nzMW1ecfOaI/IHz+QPLWZDL</latexit>

(2) 2(0, 0, 1/2) 0, 1/4, z
<latexit sha1_base64="SVgTlGJ7uazEH1Et+9nb7GVXlrA=">AAACD3icbZDLSgMxFIYz9VbrrerSTbBVWih1phZ0WXDjsoK9QGcomTTThmYuJGfEOvQN3Pgqblwo4tatO9/G9LLQ1kMCH/9/Dsn53UhwBab5baRWVtfWN9Kbma3tnd297P5BU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13eDXxW3dMKh4GtzCKmOOTfsA9TgloqZs9tYHdQ1KoFHGlYJawPtZZpWhje4bVEs4/5MfdbM4sm9PCy2DNIYfmVe9mv+xeSGOfBUAFUapjmRE4CZHAqWDjjB0rFhE6JH3W0RgQnyknme4zxida6WEvlPoGgKfq74mE+EqNfFd3+gQGatGbiP95nRi8SyfhQRQDC+jsIS8WGEI8CQf3uGQUxEgDoZLrv2I6IJJQ0BFmdAjW4srL0KyUrfOydVPN1UrzONLoCB2jArLQBaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMuYzh+hPGZ8/JEOW8w==</latexit>

(3) 2(0, 1/2, 0) 0, y, 1/4
<latexit sha1_base64="r8ZfNmS7ohdid6Wr7H2dQ8q0GHU=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBpICO4CiZYkNpaYyCNhN2R2GGDC7CMzd42bDX9g46/YWGiMra2df+PwKBQ8yU3OnHNv5t7jhoIrMM1vI7W2vrG5ld7O7Ozu7R9kD49aKogkZU0aiEB2XKKY4D5rAgfBOqFkxHMFa7vj66nfvmdS8cC/gzhkjkeGPh9wSkBLvey5DewBkkK1iCsFs4Sti0oJm0Ub21i/8nF+KtUmvWzOLJsz4FViLUgOLdDoZb/sfkAjj/lABVGqa5khOAmRwKlgk4wdKRYSOiZD1tXUJx5TTjK7Z4LPtNLHg0Dq8gHP1N8TCfGUij1Xd3oERmrZm4r/ed0IBldOwv0wAubT+UeDSGAI8DQc3OeSURCxJoRKrnfFdEQkoaAjzOgQrOWTV0mrUraqZeu2lquXFnGk0Qk6RQVkoUtURzeogZqIokf0jF7Rm/FkvBjvxse8NWUsZo7RHxifPyVulvM=</latexit>

(4) 2 x, 0, 0
<latexit sha1_base64="Dn/FP9ouodu5jo8uBTf2neyJlmM=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKFUqZqQVdFty4rGAf0BlKJk3b0MyD5I60DMWNv+LGhSJu/Qp3/o1pOwttPdwLh3PuJbnHiwRXYFnfRmZtfWNzK7ud29nd2z8wD4+aKowlZQ0ailC2PaKY4AFrAAfB2pFkxPcEa3mjm5nfemBS8TC4h0nEXJ8MAt7nlICWuuaJA2wMSbF6gSsOdnBhXChhS9e0a+atsjUHXiV2SvIoRb1rfjm9kMY+C4AKolTHtiJwEyKBU8GmOSdWLCJ0RAaso2lAfKbcZH7CFJ9rpYf7odQdAJ6rvzcS4is18T096RMYqmVvJv7ndWLoX7sJD6IYWEAXD/VjgSHEszxwj0tGQUw0IVRy/VdMh0QSCjq1nA7BXj55lTQrZfuybN9V87VSGkcWnaIzVEQ2ukI1dIvqqIEoekTP6BW9GU/Gi/FufCxGM0a6c4z+wPj8AYBrlDI=</latexit>

(5) -1 0, 0, 0
<latexit sha1_base64="Gz/J0mx6LkBeUUFA694nSxCYofY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKtSS+ECXBTcuK9gHNKFMppN26OTBzI1YQt34K25cKOLWv3Dn3zhNs9Dq4V44nHMvM/d4seAKLOvLKCwsLi2vFFdLa+sbm1vm9k5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90NfXbd0wqHoW3MI6ZG5BByH1OCWipZ+45wO4hrZwf4WPbwQ62qllNembZqlkZ8F9i56SMcjR65qfTj2gSsBCoIEp1bSsGNyUSOBVsUnISxWJCR2TAupqGJGDKTbMLJvhQK33sR1J3CDhTf26kJFBqHHh6MiAwVPPeVPzP6ybgX7opD+MEWEhnD/mJwBDhaRy4zyWjIMaaECq5/iumQyIJBR1aSYdgz5/8l7ROavZpzb45K9ereRxFtI8OUAXZ6ALV0TVqoCai6AE9oRf0ajwaz8ab8T4bLRj5zi76BePjG70nk8U=</latexit>

(6) b x, y, 1/4
<latexit sha1_base64="qFaWV3oGwMvQwZAGTkCZxydd0hY=">AAACCHicbVC7SgNBFJ31GeMramnhYFaIEOKuBrUM2FhGMA/ILmF2MkmGzD6YuStZlpQ2/oqNhSK2foKdf+PkUWjigXs5nHMvM/d4keAKLOvbWFpeWV1bz2xkN7e2d3Zze/t1FcaSshoNRSibHlFM8IDVgINgzUgy4nuCNbzBzdhvPDCpeBjcQxIx1ye9gHc5JaCldu7IATaEtHB5ik3PdLCDzaFZxGaim31WHrVzeatkTYAXiT0jeTRDtZ37cjohjX0WABVEqZZtReCmRAKngo2yTqxYROiA9FhL04D4TLnp5JARPtFKB3dDqSsAPFF/b6TEVyrxPT3pE+ireW8s/ue1YuheuykPohhYQKcPdWOBIcTjVHCHS0ZBJJoQKrn+K6Z9IgkFnV1Wh2DPn7xI6ucl+6Jk35XzleIsjgw6RMeogGx0hSroFlVRDVH0iJ7RK3oznowX4934mI4uGbOdA/QHxucPt96V3Q==</latexit>

(7) c x, 1/4, z
<latexit sha1_base64="/hw7tpq0nmE8S75q0/V68bTND3A=">AAACCHicbVDJSgNBEO2JW4zbqEcPNmaECCHOaCAeA148RjALZELo6XSSJj0L3TWSOOToxV/x4kERr36CN//GznLQxAcFj/eqqKrnRYIrsO1vI7Wyura+kd7MbG3v7O6Z+wc1FcaSsioNRSgbHlFM8IBVgYNgjUgy4nuC1b3B9cSv3zOpeBjcwShiLZ/0At7llICW2uaxC2wISa50hi1qudjF1tDKY+e8mMfWgzVum1m7YE+Bl4kzJ1k0R6VtfrmdkMY+C4AKolTTsSNoJUQCp4KNM26sWETogPRYU9OA+Ey1kukjY3yqlQ7uhlJXAHiq/p5IiK/UyPd0p0+grxa9ifif14yhe9VKeBDFwAI6W9SNBYYQT1LBHS4ZBTHShFDJ9a2Y9okkFHR2GR2Cs/jyMqldFJzLgnNbzJbz8zjS6AidoBxyUAmV0Q2qoCqi6BE9o1f0ZjwZL8a78TFrTRnzmUP0B8bnD7u1leA=</latexit>

(8) m 0, y, z
<latexit sha1_base64="+BzJVhwGxycxGylIBWDeYuaPn9Y=">AAACBnicbVDLSgMxFM34rPU16lKEYEeoUMqMCnZZcOOygn1Ap5RMmrahmQfJHXEcunLjr7hxoYhbv8Gdf2PazkJbD9zL4Zx7Se7xIsEV2Pa3sbS8srq2ntvIb25t7+yae/sNFcaSsjoNRShbHlFM8IDVgYNgrUgy4nuCNb3R1cRv3jGpeBjcQhKxjk8GAe9zSkBLXfPIBXYPabFyii3fcrGL7RK2Eku3B2vcNQt22Z4CLxInIwWUodY1v9xeSGOfBUAFUart2BF0UiKBU8HGeTdWLCJ0RAasrWlAfKY66fSMMT7RSg/3Q6krADxVf2+kxFcq8T096RMYqnlvIv7ntWPoVzopD6IYWEBnD/VjgSHEk0xwj0tGQSSaECq5/iumQyIJBZ1cXofgzJ+8SBpnZee87NxcFKqlLI4cOkTHqIgcdImq6BrVUB1R9Iie0St6M56MF+Pd+JiNLhnZzgH6A+PzB90NlXQ=</latexit>
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<latexit sha1_base64="w0UoAkNCkg8gFYrGWS+w5iySYCU="></latexit>
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Group theory
Example - Ni3V2O8

identify the symmetry operators of the space group which are  
compatible with the magnetic translation symmetry         little group (subgroup)

Propagation vector q=(0.5 0 0)

R · q = q+G
<latexit sha1_base64="4e4XVzQ3fRimssxYtvK2T1Vp8RY=">AAACHXicbVDLSsNAFJ34rPUVdelmsAiCUhIt6EYouNBlFfuAJpTJdNIOnWTizEQoIT/ixl9x40IRF27Ev3HSRqmtBwbOOfde5t7jRYxKZVlfxtz8wuLScmGluLq2vrFpbm03JI8FJnXMGRctD0nCaEjqiipGWpEgKPAYaXqDi6zevCdCUh7eqmFE3AD1QupTjJS2OmbFCZDqe35ykzq4yxX80XcpPJ8Uh7/iMu2YJatsjQBniZ2TEshR65gfTpfjOCChwgxJ2batSLkJEopiRtKiE0sSITxAPdLWNEQBkW4yui6F+9rpQp8L/UIFR+7kRIICKYeBpzuzDeV0LTP/q7Vj5Z+5CQ2jWJEQjz/yYwYVh1lUsEsFwYoNNUFYUL0rxH0kEFY60KIOwZ4+eZY0jsv2Sdm+rpSqR3kcBbAL9sABsMEpqIIrUAN1gMEDeAIv4NV4NJ6NN+N93Dpn5DM74A+Mz2/IzaJB</latexit>

Symmetry operators:

(1) 1
<latexit sha1_base64="1rQjZTiwrQWnzh485h0Kx8a2jHc=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAiSNhRQY8BLx4jmAdklzA76SRDZh/M9IphyW948aCIV3/Gm3/jJNmDJhY0FFXddHcFiZIGXffbWVldW9/YLGwVt3d29/ZLB4dNE6daQEPEKtbtgBtQMoIGSlTQTjTwMFDQCka3U7/1CNrIOHrAcQJ+yAeR7EvB0Uqeh/CEWYWdUTbplspu1Z2BLhOWkzLJUe+WvrxeLNIQIhSKG9NhboJ+xjVKoWBS9FIDCRcjPoCOpREPwfjZ7OYJPbVKj/ZjbStCOlN/T2Q8NGYcBrYz5Dg0i95U/M/rpNi/8TMZJSlCJOaL+qmiGNNpALQnNQhUY0u40NLeSsWQay7QxlS0IbDFl5dJ86LKLqvs/qpcO8/jKJBjckIqhJFrUiN3pE4aRJCEPJNX8uakzovz7nzMW1ecfOaI/IHz+QPLWZDL</latexit>

(2) 2(0, 0, 1/2) 0, 1/4, z
<latexit sha1_base64="SVgTlGJ7uazEH1Et+9nb7GVXlrA=">AAACD3icbZDLSgMxFIYz9VbrrerSTbBVWih1phZ0WXDjsoK9QGcomTTThmYuJGfEOvQN3Pgqblwo4tatO9/G9LLQ1kMCH/9/Dsn53UhwBab5baRWVtfWN9Kbma3tnd297P5BU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13eDXxW3dMKh4GtzCKmOOTfsA9TgloqZs9tYHdQ1KoFHGlYJawPtZZpWhje4bVEs4/5MfdbM4sm9PCy2DNIYfmVe9mv+xeSGOfBUAFUapjmRE4CZHAqWDjjB0rFhE6JH3W0RgQnyknme4zxida6WEvlPoGgKfq74mE+EqNfFd3+gQGatGbiP95nRi8SyfhQRQDC+jsIS8WGEI8CQf3uGQUxEgDoZLrv2I6IJJQ0BFmdAjW4srL0KyUrfOydVPN1UrzONLoCB2jArLQBaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMuYzh+hPGZ8/JEOW8w==</latexit>

(3) 2(0, 1/2, 0) 0, y, 1/4
<latexit sha1_base64="r8ZfNmS7ohdid6Wr7H2dQ8q0GHU=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBpICO4CiZYkNpaYyCNhN2R2GGDC7CMzd42bDX9g46/YWGiMra2df+PwKBQ8yU3OnHNv5t7jhoIrMM1vI7W2vrG5ld7O7Ozu7R9kD49aKogkZU0aiEB2XKKY4D5rAgfBOqFkxHMFa7vj66nfvmdS8cC/gzhkjkeGPh9wSkBLvey5DewBkkK1iCsFs4Sti0oJm0Ub21i/8nF+KtUmvWzOLJsz4FViLUgOLdDoZb/sfkAjj/lABVGqa5khOAmRwKlgk4wdKRYSOiZD1tXUJx5TTjK7Z4LPtNLHg0Dq8gHP1N8TCfGUij1Xd3oERmrZm4r/ed0IBldOwv0wAubT+UeDSGAI8DQc3OeSURCxJoRKrnfFdEQkoaAjzOgQrOWTV0mrUraqZeu2lquXFnGk0Qk6RQVkoUtURzeogZqIokf0jF7Rm/FkvBjvxse8NWUsZo7RHxifPyVulvM=</latexit>

(4) 2 x, 0, 0
<latexit sha1_base64="Dn/FP9ouodu5jo8uBTf2neyJlmM=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKFUqZqQVdFty4rGAf0BlKJk3b0MyD5I60DMWNv+LGhSJu/Qp3/o1pOwttPdwLh3PuJbnHiwRXYFnfRmZtfWNzK7ud29nd2z8wD4+aKowlZQ0ailC2PaKY4AFrAAfB2pFkxPcEa3mjm5nfemBS8TC4h0nEXJ8MAt7nlICWuuaJA2wMSbF6gSsOdnBhXChhS9e0a+atsjUHXiV2SvIoRb1rfjm9kMY+C4AKolTHtiJwEyKBU8GmOSdWLCJ0RAaso2lAfKbcZH7CFJ9rpYf7odQdAJ6rvzcS4is18T096RMYqmVvJv7ndWLoX7sJD6IYWEAXD/VjgSHEszxwj0tGQUw0IVRy/VdMh0QSCjq1nA7BXj55lTQrZfuybN9V87VSGkcWnaIzVEQ2ukI1dIvqqIEoekTP6BW9GU/Gi/FufCxGM0a6c4z+wPj8AYBrlDI=</latexit>

(5) -1 0, 0, 0
<latexit sha1_base64="Gz/J0mx6LkBeUUFA694nSxCYofY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKtSS+ECXBTcuK9gHNKFMppN26OTBzI1YQt34K25cKOLWv3Dn3zhNs9Dq4V44nHMvM/d4seAKLOvLKCwsLi2vFFdLa+sbm1vm9k5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90NfXbd0wqHoW3MI6ZG5BByH1OCWipZ+45wO4hrZwf4WPbwQ62qllNembZqlkZ8F9i56SMcjR65qfTj2gSsBCoIEp1bSsGNyUSOBVsUnISxWJCR2TAupqGJGDKTbMLJvhQK33sR1J3CDhTf26kJFBqHHh6MiAwVPPeVPzP6ybgX7opD+MEWEhnD/mJwBDhaRy4zyWjIMaaECq5/iumQyIJBR1aSYdgz5/8l7ROavZpzb45K9ereRxFtI8OUAXZ6ALV0TVqoCai6AE9oRf0ajwaz8ab8T4bLRj5zi76BePjG70nk8U=</latexit>

(6) b x, y, 1/4
<latexit sha1_base64="qFaWV3oGwMvQwZAGTkCZxydd0hY=">AAACCHicbVC7SgNBFJ31GeMramnhYFaIEOKuBrUM2FhGMA/ILmF2MkmGzD6YuStZlpQ2/oqNhSK2foKdf+PkUWjigXs5nHMvM/d4keAKLOvbWFpeWV1bz2xkN7e2d3Zze/t1FcaSshoNRSibHlFM8IDVgINgzUgy4nuCNbzBzdhvPDCpeBjcQxIx1ye9gHc5JaCldu7IATaEtHB5ik3PdLCDzaFZxGaim31WHrVzeatkTYAXiT0jeTRDtZ37cjohjX0WABVEqZZtReCmRAKngo2yTqxYROiA9FhL04D4TLnp5JARPtFKB3dDqSsAPFF/b6TEVyrxPT3pE+ireW8s/ue1YuheuykPohhYQKcPdWOBIcTjVHCHS0ZBJJoQKrn+K6Z9IgkFnV1Wh2DPn7xI6ucl+6Jk35XzleIsjgw6RMeogGx0hSroFlVRDVH0iJ7RK3oznowX4934mI4uGbOdA/QHxucPt96V3Q==</latexit>

(7) c x, 1/4, z
<latexit sha1_base64="/hw7tpq0nmE8S75q0/V68bTND3A=">AAACCHicbVDJSgNBEO2JW4zbqEcPNmaECCHOaCAeA148RjALZELo6XSSJj0L3TWSOOToxV/x4kERr36CN//GznLQxAcFj/eqqKrnRYIrsO1vI7Wyura+kd7MbG3v7O6Z+wc1FcaSsioNRSgbHlFM8IBVgYNgjUgy4nuC1b3B9cSv3zOpeBjcwShiLZ/0At7llICW2uaxC2wISa50hi1qudjF1tDKY+e8mMfWgzVum1m7YE+Bl4kzJ1k0R6VtfrmdkMY+C4AKolTTsSNoJUQCp4KNM26sWETogPRYU9OA+Ey1kukjY3yqlQ7uhlJXAHiq/p5IiK/UyPd0p0+grxa9ifif14yhe9VKeBDFwAI6W9SNBYYQT1LBHS4ZBTHShFDJ9a2Y9okkFHR2GR2Cs/jyMqldFJzLgnNbzJbz8zjS6AidoBxyUAmV0Q2qoCqi6BE9o1f0ZjwZL8a78TFrTRnzmUP0B8bnD7u1leA=</latexit>

(8) m 0, y, z
<latexit sha1_base64="+BzJVhwGxycxGylIBWDeYuaPn9Y=">AAACBnicbVDLSgMxFM34rPU16lKEYEeoUMqMCnZZcOOygn1Ap5RMmrahmQfJHXEcunLjr7hxoYhbv8Gdf2PazkJbD9zL4Zx7Se7xIsEV2Pa3sbS8srq2ntvIb25t7+yae/sNFcaSsjoNRShbHlFM8IDVgYNgrUgy4nuCNb3R1cRv3jGpeBjcQhKxjk8GAe9zSkBLXfPIBXYPabFyii3fcrGL7RK2Eku3B2vcNQt22Z4CLxInIwWUodY1v9xeSGOfBUAFUart2BF0UiKBU8HGeTdWLCJ0RAasrWlAfKY66fSMMT7RSg/3Q6krADxVf2+kxFcq8T096RMYqnlvIv7ntWPoVzopD6IYWEBnD/VjgSHEk0xwj0tGQSSaECq5/iumQyIJBZ1cXofgzJ+8SBpnZee87NxcFKqlLI4cOkTHqIgcdImq6BrVUB1R9Iie0St6M56MF+Pd+JiNLhnZzgH6A+PzB90NlXQ=</latexit>

Representative elements of the little group:  

‣ (1) identity 

‣ (4) 2-fold rotation axis along x 

‣ (6) glide plane within xy plane  

‣ (7) glide plane within xz plane
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Group theory
Definitions

Definition of a representation:

If the square matrices Γ(gi) associated with each element gi of group G of order n satisfy the homomorphism rule 

for the corresponding relation of the group elements 

then the set of matrices Γ(gi), Γ(gi), …, Γ(gi) is called a representation of the group G. 

The size of the matrices is the dimension d of the representation. 

�(gj)�(gi) = �(gk)
<latexit sha1_base64="uhwGEIF65hUtuVQnQyr4MtegiAk=">AAACNHicbVDLSsNAFJ3UV62vqEs3g0VoQUqigm6EggsFNxXsA5oQJpNpO3YmCTMToYR+lBs/xI0ILhRx6zc4abPQtgeGOZxzL/fe48eMSmVZb0ZhaXllda24XtrY3NreMXf3WjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h1eZ334kQtIovFejmLgc9UPaoxgpLXnmreNHLJAjrr/UuUaco3Gl7z1UF+u0Ci/hYmtY9cyyVbMmgPPEzkkZ5Gh45osTRDjhJFSYISm7thUrN0VCUczIuOQkksQID1GfdDUNESfSTSdHj+GRVgLYi4R+oYIT9W9HirjMltSVHKmBnPUycZHXTVTvwk1pGCeKhHg6qJcwqCKYJQgDKghWbKQJwoLqXSEeIIGw0jmXdAj27MnzpHVSs09r9t1ZuX6cx1EEB+AQVIANzkEd3IAGaAIMnsAr+ACfxrPxbnwZ39PSgpH37IN/MH5+AZskq+Q=</latexit>

gjgi = gk
<latexit sha1_base64="1AfCi/rpZA0cq4vl27UcldwVabs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBb0IBS8eK9gPaEPYbDfp2t1N2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeWHKmTau++2UVlbX1jfKm5Wt7Z3dver+QVsnmSK0RRKeqG6INeVM0pZhhtNuqigWIaedcHQ79TtPVGmWyAczTqkvcCxZxAg2VurHwWMcMHSD4mAUVGtu3Z0BLROvIDUo0AyqX/1BQjJBpSEca93z3NT4OVaGEU4nlX6maYrJCMe0Z6nEgmo/n908QSdWGaAoUbakQTP190SOhdZjEdpOgc1QL3pT8T+vl5no2s+ZTDNDJZkvijKOTIKmAaABU5QYPrYEE8XsrYgMscLE2JgqNgRv8eVl0j6vexd17/6y1jgr4ijDERzDKXhwBQ24gya0gEAKz/AKb07mvDjvzse8teQUM4fwB87nD/xTkOw=</latexit>

⌦(g) = P�1�(g)P
<latexit sha1_base64="kmQhLnVh+g+OUgIdJvj2BRjonKQ=">AAACMXicbVDLSsNAFJ3UV62vqks3g0WooCVRQTdCwYXdWcE+oIllMp20Q2eSMDMRSsgvufFPxE0Xirj1J5ykBW3rhWEO557LPfe4IaNSmebYyC0tr6yu5dcLG5tb2zvF3b2mDCKBSQMHLBBtF0nCqE8aiipG2qEgiLuMtNzhTdpvPREhaeA/qFFIHI76PvUoRkpT3WLNdgPWkyOuv9i+46SPknL/GF5DmyM1cL24njzGp1Yyo7tFnGe6X1G3WDIrZlZwEVhTUALTqneLr3YvwBEnvsIMSdmxzFA5MRKKYkaSgh1JEiI8RH3S0dBHnEgnzi5O4JFmetALhH6+ghn7dyJGXKZmtTJ1KOd7KflfrxMp78qJqR9Givh4ssiLGFQBTOODPSoIVmykAcKCaq8QD5BAWOmQCzoEa/7kRdA8q1jnFev+olQ9mcaRBwfgEJSBBS5BFdRAHTQABs/gDbyDD+PFGBufxtdEmjOmM/tgpozvH0v7qs8=</latexit>

Every representation Γ(gi) has an equivalent representation:  
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Group theory
Definitions

If a representation Γ(g) can be block-diagonalized according to  

with the dimension being dΓ=dΓ1+dΓ2, then Γ(g) is called reducible. 

If no equivalence transformation (P-1Γ(g)P) can achieve such a block-diagonalization,  

then the presentation is called irreducible. 

Reducible and irreducible representations:

�(g) =

✓
�1(g) 0
0 �2(g)

◆

<latexit sha1_base64="Ep2AdLwnHansJBFPMtqPvpg+vzM="></latexit>
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Group theory
Definitions

The character of a matrix representation Γ(g) is its trace:  

The trace is invariant under equivalence transformations.

The character is suited to show the equivalence between matrix representations.

Character of a representation:

�(g) = Tr[�(g)] =
X

i

�i,i(g)
<latexit sha1_base64="btgGxxJPHDPTKKFWPv3E7SpsJgA="></latexit>

Tr[P�1�(g)P] = Tr[�(g)PP�1] = Tr[�(g)]
<latexit sha1_base64="rlMQMqVt/CicDMBJhmbWR0kmg64="></latexit>
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Group theory
The orthogonality theorem

An outcome of the Schür lemmas is the orthogonality theorem 

The orthogonality theorem together with the properties of characters yield fundamental relations 
from which the character table of a group can be constructed.  

X

g2G

�U
j,l(g)

h
�V
n,m(g)

i⇤
=

nG

dU
�UV �jn�lm

<latexit sha1_base64="G4LMkQpRLWc/8B3PpZftYk4bWu0="></latexit>
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Group theory
Character tables

‣  The number of inequivalent irreducible representations nr is equal to the number of classes ncl. 

‣  The sum of squares of the dimensions of inequivalent irreducible representations is equal to the order      
 nG of the group.  

‣  First orthogonality of characters 

‣  Second orthogonality of characters 

‣  Relation for characters resulting from class multiplication

nr = ncl
<latexit sha1_base64="1vkj44cGioZeuC/fzrrVwxGIRV8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBb0IBS8eK9gPbEPYbLft0s0m7E6EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvDCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Sw6VQvIECJW8nmtMolLwVjm6nfuuJayNi9YDjhPsRHSjRF4yilR5VoG9UkDE5CcoVt+rOQJaJl5MK5KgH5a9uL2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn80unpATq/RIP9a2FJKZ+nsio5Ex4yi0nRHFoVn0puJ/XifF/rWfCZWkyBWbL+qnkmBMpu+TntCcoRxbQpkW9lbChlRThjakkg3BW3x5mTTPq95F1bu/rNTO8jiKcATHcAoeXEEN7qAODWCg4Ble4c0xzovz7nzMWwtOPnMIf+B8/gCxU5Db</latexit>

X
d2U = nG

<latexit sha1_base64="B6xpmb6tSc68JCQdbXqTzgCy4XA=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJJUQS9CwYMeK5i20Maw2WzbpZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59taWV1b39gsbZW3d3b39u2Dw6ZKMkmoRxKeyHaIFeVMUE8zzWk7lRTHIaetcHg79VsjKhVLxKMep9SPcV+wHiNYGymw7a7KYhQ91QIP3SAR3AV2xak6M6Bl4hakAgUagf3VjRKSxVRowrFSHddJtZ9jqRnhdFLuZoqmmAxxn3YMFTimys9nl0/QqVEi1EukKaHRTP09keNYqXEcms4Y64Fa9Kbif14n071rP2cizTQVZL6ol3GkEzSNAUVMUqL52BBMJDO3IjLAEhNtwiqbENzFl5dJs1Z1L6ruw2Wlfl7EUYJjOIEzcOEK6nAPDfCAwAie4RXerNx6sd6tj3nrilXMHMEfWJ8/mR6SQg==</latexit>

X

g2G

�U (g)
⇥
�V (g)

⇤⇤
= nG�UV

<latexit sha1_base64="0Ro+BGZUZezYAfrnNK9qgURk/yk="></latexit>

X

U

�U
e

⇥
�U
f

⇤
=

nG

n(Ce)
�ef

<latexit sha1_base64="UUlMKFdMkYQmwh+6dh2aEdvWz3w="></latexit>

n(Ce)n(Cf )�
U
e (g)�

U
f (g) = dU

X

w

cwefn(Cw)�
U
w(g)

<latexit sha1_base64="CASok+875Zm46YvsrE06+2s+nmc="></latexit>
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Group theory
Character tables - Example

‣ The number of inequivalent irreducible representations nr 
is equal to the number of classes ncl. 
 
 
 
Little group contains 4 elements (nG=4). Using b = gag-1 
shows that each of the elements builds a class. 

E 2x b c

𝚪1

𝚪2

𝚪3

𝚪4

4 inequivalent irreducible representations

nr = ncl
<latexit sha1_base64="1vkj44cGioZeuC/fzrrVwxGIRV8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBb0IBS8eK9gPbEPYbLft0s0m7E6EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvDCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Sw6VQvIECJW8nmtMolLwVjm6nfuuJayNi9YDjhPsRHSjRF4yilR5VoG9UkDE5CcoVt+rOQJaJl5MK5KgH5a9uL2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn80unpATq/RIP9a2FJKZ+nsio5Ex4yi0nRHFoVn0puJ/XifF/rWfCZWkyBWbL+qnkmBMpu+TntCcoRxbQpkW9lbChlRThjakkg3BW3x5mTTPq95F1bu/rNTO8jiKcATHcAoeXEEN7qAODWCg4Ble4c0xzovz7nzMWwtOPnMIf+B8/gCxU5Db</latexit>

G = {E, 2x, b, c}
<latexit sha1_base64="34wE3+LM5FNBqxFlEm9UQrfYTpE=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJlgEF6UkVdCNUBDRZQX7gCaEyXTSDp1MwsxELKHgr7hxoYhbv8Odf+O0zUJbD9zhcM693DsnSBiVyra/jcLS8srqWnG9tLG5tb1j7u61ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB0MryZ++4EISWN+r0YJ8SLU5zSkGCkt+ebBzaWbXVfcSs1/1G+gC7tj3yzbVXsKa5E4OSlDjoZvfrm9GKcR4QozJGXXsRPlZUgoihkZl9xUkgThIeqTrqYcRUR62fT8sXWslZ4VxkIXV9ZU/T2RoUjKURTozgipgZz3JuJ/XjdV4YWXUZ6kinA8WxSmzFKxNcnC6lFBsGIjTRAWVN9q4QESCCudWEmH4Mx/eZG0alXntOrcnZXrlTyOIhzCEZyAA+dQh1toQBMwZPAMr/BmPBkvxrvxMWstGPnMPvyB8fkDcxqTzQ==</latexit>
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Group theory
Character tables - Example

‣ The sum of squares of the dimensions of inequivalent irreducible   
representations is equal to the order nG of the group. 
 
 
 

X
d2U = nG

<latexit sha1_base64="B6xpmb6tSc68JCQdbXqTzgCy4XA=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJJUQS9CwYMeK5i20Maw2WzbpZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59taWV1b39gsbZW3d3b39u2Dw6ZKMkmoRxKeyHaIFeVMUE8zzWk7lRTHIaetcHg79VsjKhVLxKMep9SPcV+wHiNYGymw7a7KYhQ91QIP3SAR3AV2xak6M6Bl4hakAgUagf3VjRKSxVRowrFSHddJtZ9jqRnhdFLuZoqmmAxxn3YMFTimys9nl0/QqVEi1EukKaHRTP09keNYqXEcms4Y64Fa9Kbif14n071rP2cizTQVZL6ol3GkEzSNAUVMUqL52BBMJDO3IjLAEhNtwiqbENzFl5dJs1Z1L6ruw2Wlfl7EUYJjOIEzcOEK6nAPDfCAwAie4RXerNx6sd6tj3nrilXMHMEfWJ8/mR6SQg==</latexit>

4 one-dimensional representations including the identity representation �
1(g) = 1

<latexit sha1_base64="QXq9SAZCtrkhtNKLB49o22QOoKU=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahgpSNCnoRCl48VrAf0K4lm2bb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vB26jdHTGkeyQczjpkXkr7kAafEWMnr0AF/xOX+KbpBuFssuRV3BrRMcEZKkKHWLX51ehFNQiYNFUTrNnZj46VEGU4FmxQ6iWYxoUPSZ21LJQmZ9tLZ0RN0YpUeCiJlSxo0U39PpCTUehz6tjMkZqAXvan4n9dOTHDtpVzGiWGSzhcFiUAmQtMEUI8rRo0YW0Ko4vZWRAdEEWpsTgUbAl58eZk0ziv4ooLvL0vVsyyOPBzBMZQBwxVU4Q5qUAcKT/AMr/DmjJwX5935mLfmnGzmEP7A+fwBVRKQbg==</latexit>

the identity E is necessarily represented by  �U (E) = 1
<latexit sha1_base64="+H10Z/SVXqBtLGMtDXY9rmrqpI4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnoRCiJ4rGDaQhvLZrtpl242cXdTKKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPNjzpS27W8rt7K6tr6R3yxsbe/s7hX3DxoqSiShLol4JFs+VpQzQV3NNKetWFIc+pw2/eHN1G+OqFQsEg96HFMvxH3BAkawNpLXIQP26JZvT9E1crrFkl2xZ0DLxMlICTLUu8WvTi8iSUiFJhwr1XbsWHsplpoRTieFTqJojMkQ92nbUIFDqrx0dvQEnRilh4JImhIazdTfEykOlRqHvukMsR6oRW8q/ue1Ex1ceSkTcaKpIPNFQcKRjtA0AdRjkhLNx4ZgIpm5FZEBlphok1PBhOAsvrxMGtWKc15x7i9KtbMsjjwcwTGUwYFLqMEd1MEFAk/wDK/wZo2sF+vd+pi35qxs5hD+wPr8AVhskHA=</latexit>

E 2x b c

𝚪1

𝚪2

𝚪3

𝚪4

E 2x b c

𝚪1 1 1 1 1

𝚪2

𝚪3

𝚪4

E 2x b c

𝚪1 1 1 1 1

𝚪2 1

𝚪3 1

𝚪4 1
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Group theory
Character tables - Example

‣ First orthogonality of characters 
 
 
 

E 2x b c

𝚪1 1 1 1 1

𝚪2 1

𝚪3 1

𝚪4 1

X

g2G

�U (g)
⇥
�V (g)

⇤⇤
= nG�UV

<latexit sha1_base64="0Ro+BGZUZezYAfrnNK9qgURk/yk="></latexit>

U = V = 2: 1 · 1 + 1 · 1 + (�1) · (�1) + (�1) · (�1) = 4
<latexit sha1_base64="IUV9wY9mnxXDcL4b4dcmJLP6gn0=">AAACIHicbZBLSwMxEMez9VXra9Wjl2ARKtWy0UK9CAUvHivYB7RLyWbTNjT7IMkKZelH8eJX8eJBEb3ppzG7XaG2DgR+858ZJvN3Qs6ksqwvI7eyura+kd8sbG3v7O6Z+wctGUSC0CYJeCA6DpaUM582FVOcdkJBsedw2nbGN0m9/UCFZIF/ryYhtT089NmAEay01DdrqEfcQEFUhr8Ey7B0jk5nWULzQppfw2rfLFoVKw24DCiDIsii0Tc/e25AIo/6inAsZRdZobJjLBQjnE4LvUjSEJMxHtKuRh97VNpxeuAUnmjFhYNA6OcrmKrzEzH2pJx4ju70sBrJxVoi/lfrRmpwZcfMDyNFfTJbNIg4VAFM3IIuE5QoPtGAiWD6r5CMsMBEaU8L2gS0ePIytC4q6LKC7qrF+llmRx4cgWNQAgjUQB3cggZoAgIewTN4BW/Gk/FivBsfs9ackc0cgj9hfP8A7XSciA==</latexit>

U = 1, V = 2: 1 · 1 + 1 · 1 + 1 · (�1) + 1 · (�1) = 0
<latexit sha1_base64="+6BIZwARGDA+i9ilbHlFsJKvhWk=">AAACGnicbZBNSwMxEIaz9avWr1WPXoJFqKhlo4JehIIXjxXsB7RLyWazbWh2syRZoZT+Di/+FS8eFPEmXvw3ptu1aOtA4Jl3ZpjM68WcKe04X1ZuYXFpeSW/Wlhb39jcsrd36kokktAaEVzIpocV5SyiNc00p81YUhx6nDa8/vW43rinUjER3elBTN0QdyMWMIK1kTo2Qm3iCw3REfwhOMXSCTqcZmlyBZ2OXXTKThpwHlAGRZBFtWN/tH1BkpBGmnCsVAs5sXaHWGpGOB0V2omiMSZ93KUtgxEOqXKH6WkjeGAUHwZCmhdpmKq/J4Y4VGoQeqYzxLqnZmtj8b9aK9HBpTtkUZxoGpHJoiDhUAs49gn6TFKi+cAAJpKZv0LSwxITbdwsGBPQ7MnzUD8to7Myuj0vVo4zO/JgD+yDEkDgAlTADaiCGiDgATyBF/BqPVrP1pv1PmnNWdnMLvgT1uc3RL+bTA==</latexit>

E 2x b c

𝚪1 1 1 1 1

𝚪2 1 1 -1 -1

𝚪3 1

𝚪4 1

E 2x b c

𝚪1 1 1 1 1

𝚪2 1 1 -1 -1

𝚪3 1 -1 1 -1

𝚪4 1 -1 -1 1
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Group theory
Basis functions

A set of functions {𝜓1, 𝜓2, … 𝜓dU} is called a basis for a representation 𝚪U, if

i.e. if the basis is closed within itself under operations

When the projection operator OU is applied to the function f, it picks up the symmetry-adapted function 

e.g: {(a,0,0), (0,b,0), (0,0,c)} 
{(a,a,0), (0,0,c)} 

{(a,a,a)}

An arbitrary function f contains, in general, components of various irreducible representations: 

gk 
U
j =

dUX

i=1

 U
i �

U
i,j(gk)

<latexit sha1_base64="IQn8OVD/HKZxtz3A7PxakRT3ONk="></latexit>

g 2 G
<latexit sha1_base64="eqCtZe3rfgeTaJdeitISs6ZZnCs=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgQcquCnoseNBjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upn6rSemDVfywY4TFsRkIHnEKbFOag66XOLbXrniVb0Z8DLxc1KBHPVe+avbVzSNmbRUEGM6vpfYICPacirYpNRNDUsIHZEB6zgqScxMkM2uneATp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqASi4Ef/HlZdI8r/oXVf/+slI7y+MowhEcwyn4cAU1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwDymo6k</latexit>

f =
X

U

X

j

cUj  
U
j

<latexit sha1_base64="URE+zCnPcscSarM+CScax8eSiMU=">AAACFHicbZBPS8MwGMbT+W/Of1WPXoJDEJTRqqAXYeDF4wS7DdZa0izdsiVtSVJhlH0IL34VLx4U8erBm9/GdOthbj4Q+OV535fkfYKEUaks68coLS2vrK6V1ysbm1vbO+buXlPGqcDEwTGLRTtAkjAaEUdRxUg7EQTxgJFWMLzJ661HIiSNo3s1SojHUS+iIcVIacs3T8JrV6bcZZRTJX1n9jKA2B88ONBNJM3BN6tWzZoILoJdQBUUavjmt9uNccpJpDBDUnZsK1FehoSimJFxxU0lSRAeoh7paIwQJ9LLJkuN4ZF2ujCMhT6RghN3diJDXMoRD3QnR6ov52u5+V+tk6rwystolKSKRHj6UJgyqGKYJwS7VBCs2EgDwoLqv0LcRwJhpXOs6BDs+ZUXoXlWs89r9t1FtX5axFEGB+AQHAMbXII6uAUN4AAMnsALeAPvxrPxanwYn9PWklHM7IM/Mr5+AVQKnuc=</latexit>

OU =
dU

nG

X

g2G

⇥
�U
i,j(g)

⇤⇤
g

<latexit sha1_base64="5+6s+Zx6a/7JHOaMV36e3CQqGko="></latexit>

OUf = c
U
j  

U
j

<latexit sha1_base64="U3GrJB6gBVuqOEC+Cq5z+1gkMWw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkKuhGKLhxZwXTFtoYJtNJO3byYGYilFDwV9y4UMSt3+HOv3HSZqGtBy73cM69zJ3jJ5xJZVnfRmlhcWl5pbxaWVvf2Nwyt3eaMk4FoQ6JeSzaPpaUs4g6iilO24mgOPQ5bfnDq9xvPVIhWRzdqVFC3RD3IxYwgpWWPHPvxnNQgC4R8R7unW4iWd49s2rVrAnQPLELUoUCDc/86vZikoY0UoRjKTu2lSg3w0Ixwum40k0lTTAZ4j7taBrhkEo3m5w/Roda6aEgFroihSbq740Mh1KOQl9PhlgN5KyXi/95nVQFF27GoiRVNCLTh4KUIxWjPAvUY4ISxUeaYCKYvhWRARaYKJ1YRYdgz355njRPavZpzb49q9aPizjKsA8HcAQ2nEMdrqEBDhDI4Ble4c14Ml6Md+NjOloyip1d+APj8wdxmpRz</latexit>

 U
j

<latexit sha1_base64="ai2FhH/Phe9mG0Yh5Ji/FTg9+8A=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKooMeCF48VTFtoY9lsJ+3azSbuboQS+ie8eFDEq3/Hm//G7cdBWx8MPN6bYWZemAqujet+O0vLK6tr64WN4ubW9s5uaW+/rpNMMfRZIhLVDKlGwSX6hhuBzVQhjUOBjXBwPfYbT6g0T+SdGaYYxLQnecQZNVZqtlPNOw/3fqdUdivuBGSReDNShhlqndJXu5uwLEZpmKBatzw3NUFOleFM4KjYzjSmlA1oD1uWShqjDvLJvSNybJUuiRJlSxoyUX9P5DTWehiHtjOmpq/nvbH4n9fKTHQV5FymmUHJpouiTBCTkPHzpMsVMiOGllCmuL2VsD5VlBkbUdGG4M2/vEjqZxXvvOLdXpSrp7M4CnAIR3ACHlxCFW6gBj4wEPAMr/DmPDovzrvzMW1dcmYzB/AHzucP+06P2w==</latexit>
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Group theory
Basis functions - Example

We are interested in the spin orientation 

E 2x b c

𝚪1 1 1 1 1

𝚪2 1 1 -1 -1

𝚪3 1 -1 1 -1

𝚪4 1 -1 -1 1Projection operator: OU =
dU

nG

X

g2G

⇥
�U
i,j(g)

⇤⇤
g

<latexit sha1_base64="5+6s+Zx6a/7JHOaMV36e3CQqGko="></latexit>

OUf = c
U
j  

U
j

<latexit sha1_base64="U3GrJB6gBVuqOEC+Cq5z+1gkMWw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkKuhGKLhxZwXTFtoYJtNJO3byYGYilFDwV9y4UMSt3+HOv3HSZqGtBy73cM69zJ3jJ5xJZVnfRmlhcWl5pbxaWVvf2Nwyt3eaMk4FoQ6JeSzaPpaUs4g6iilO24mgOPQ5bfnDq9xvPVIhWRzdqVFC3RD3IxYwgpWWPHPvxnNQgC4R8R7unW4iWd49s2rVrAnQPLELUoUCDc/86vZikoY0UoRjKTu2lSg3w0Ixwum40k0lTTAZ4j7taBrhkEo3m5w/Roda6aEgFroihSbq740Mh1KOQl9PhlgN5KyXi/95nVQFF27GoiRVNCLTh4KUIxWjPAvUY4ISxUeaYCKYvhWRARaYKJ1YRYdgz355njRPavZpzb49q9aPizjKsA8HcAQ2nEMdrqEBDhDI4Ble4c14Ml6Md+NjOloyip1d+APj8wdxmpRz</latexit>

f = S =

0

@
Sx

Sy

Sz

1

A

<latexit sha1_base64="8YBwkTqaKfFTwbaAQ7fYOXWw38k=">AAACI3icbVDLSgMxFM34rPVVdekmWAQXUmZUUIRCwY3LSu0DOmXIpHfa0ExmSDLSOvRf3PgrblwoxY0L/8X0gWjrgYTDOfeSnOPHnClt25/W0vLK6tp6ZiO7ubW9s5vb26+pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3cz9usPIBWLxL0exNAKSUewgFGijeTlrgNcxG5IdNcP0sqw6PrQYSKNjSJZf1jx+th1K95gcj+6INo/npfL2wV7ArxInBnJoxnKXm7ktiOahCA05USppmPHupUSqRnlMMy6iYKY0B7pQNNQQUJQrXSScYiPjdLGQSTNERpP1N8bKQmVGoS+mRynUfPeWPzPayY6uGqlTMSJBkGnDwUJxzrC48Jwm0mgmg8MIVQy81dMu0QSqk2tWVOCMx95kdTOCs55wbm7yJdOZ3Vk0CE6QifIQZeohG5RGVURRU/oBb2hd+vZerVG1sd0dMma7RygP7C+vgExYKU0</latexit>

 1
1 =

1

4

2

41 ·

0

@
S1x

S1y

S1z

1

A+ 1 ·

0

@
S1x

�S1y

�S1z

1

A+ 1 ·

0

@
�S2x

�S2y

S2z

1

A+ 1 ·

0

@
�S2x

S2y

�S2z

1

A

3

5

<latexit sha1_base64="7/jzdqvVg3K1dfKoWEk+aQQjIW8="></latexit>
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Group theory
Basis functions - Example

We are interested in the spin orientation 

E 2x b c

𝚪1 1 1 1 1

𝚪2 1 1 -1 -1

𝚪3 1 -1 1 -1

𝚪4 1 -1 -1 1Projection operator: OU =
dU

nG

X

g2G

⇥
�U
i,j(g)

⇤⇤
g

<latexit sha1_base64="5+6s+Zx6a/7JHOaMV36e3CQqGko="></latexit>

OUf = c
U
j  

U
j

<latexit sha1_base64="U3GrJB6gBVuqOEC+Cq5z+1gkMWw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkKuhGKLhxZwXTFtoYJtNJO3byYGYilFDwV9y4UMSt3+HOv3HSZqGtBy73cM69zJ3jJ5xJZVnfRmlhcWl5pbxaWVvf2Nwyt3eaMk4FoQ6JeSzaPpaUs4g6iilO24mgOPQ5bfnDq9xvPVIhWRzdqVFC3RD3IxYwgpWWPHPvxnNQgC4R8R7unW4iWd49s2rVrAnQPLELUoUCDc/86vZikoY0UoRjKTu2lSg3w0Ixwum40k0lTTAZ4j7taBrhkEo3m5w/Roda6aEgFroihSbq740Mh1KOQl9PhlgN5KyXi/95nVQFF27GoiRVNCLTh4KUIxWjPAvUY4ISxUeaYCKYvhWRARaYKJ1YRYdgz355njRPavZpzb49q9aPizjKsA8HcAQ2nEMdrqEBDhDI4Ble4c14Ml6Md+NjOloyip1d+APj8wdxmpRz</latexit>

f = S =

0

@
Sx

Sy

Sz

1

A

<latexit sha1_base64="8YBwkTqaKfFTwbaAQ7fYOXWw38k=">AAACI3icbVDLSgMxFM34rPVVdekmWAQXUmZUUIRCwY3LSu0DOmXIpHfa0ExmSDLSOvRf3PgrblwoxY0L/8X0gWjrgYTDOfeSnOPHnClt25/W0vLK6tp6ZiO7ubW9s5vb26+pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3cz9usPIBWLxL0exNAKSUewgFGijeTlrgNcxG5IdNcP0sqw6PrQYSKNjSJZf1jx+th1K95gcj+6INo/npfL2wV7ArxInBnJoxnKXm7ktiOahCA05USppmPHupUSqRnlMMy6iYKY0B7pQNNQQUJQrXSScYiPjdLGQSTNERpP1N8bKQmVGoS+mRynUfPeWPzPayY6uGqlTMSJBkGnDwUJxzrC48Jwm0mgmg8MIVQy81dMu0QSqk2tWVOCMx95kdTOCs55wbm7yJdOZ3Vk0CE6QifIQZeohG5RGVURRU/oBb2hd+vZerVG1sd0dMma7RygP7C+vgExYKU0</latexit>

 1
1 =

1

4

2

41 ·

0

@
S1x

S1y

S1z

1

A+ 1 ·

0

@
S1x

�S1y

�S1z

1

A+ 1 ·

0

@
�S2x

�S2y

S2z

1

A+ 1 ·

0

@
�S2x

S2y

�S2z

1

A

3

5

<latexit sha1_base64="7/jzdqvVg3K1dfKoWEk+aQQjIW8="></latexit>
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Group theory
Basis functions - Example

We are interested in the spin orientation 

E 2x b c

𝚪1 1 1 1 1

𝚪2 1 1 -1 -1

𝚪3 1 -1 1 -1

𝚪4 1 -1 -1 1Projection operator: OU =
dU

nG

X

g2G

⇥
�U
i,j(g)

⇤⇤
g

<latexit sha1_base64="5+6s+Zx6a/7JHOaMV36e3CQqGko="></latexit>

OUf = c
U
j  

U
j

<latexit sha1_base64="U3GrJB6gBVuqOEC+Cq5z+1gkMWw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkKuhGKLhxZwXTFtoYJtNJO3byYGYilFDwV9y4UMSt3+HOv3HSZqGtBy73cM69zJ3jJ5xJZVnfRmlhcWl5pbxaWVvf2Nwyt3eaMk4FoQ6JeSzaPpaUs4g6iilO24mgOPQ5bfnDq9xvPVIhWRzdqVFC3RD3IxYwgpWWPHPvxnNQgC4R8R7unW4iWd49s2rVrAnQPLELUoUCDc/86vZikoY0UoRjKTu2lSg3w0Ixwum40k0lTTAZ4j7taBrhkEo3m5w/Roda6aEgFroihSbq740Mh1KOQl9PhlgN5KyXi/95nVQFF27GoiRVNCLTh4KUIxWjPAvUY4ISxUeaYCKYvhWRARaYKJ1YRYdgz355njRPavZpzb49q9aPizjKsA8HcAQ2nEMdrqEBDhDI4Ble4c14Ml6Md+NjOloyip1d+APj8wdxmpRz</latexit>

f = S =

0

@
Sx

Sy

Sz

1

A

<latexit sha1_base64="8YBwkTqaKfFTwbaAQ7fYOXWw38k=">AAACI3icbVDLSgMxFM34rPVVdekmWAQXUmZUUIRCwY3LSu0DOmXIpHfa0ExmSDLSOvRf3PgrblwoxY0L/8X0gWjrgYTDOfeSnOPHnClt25/W0vLK6tp6ZiO7ubW9s5vb26+pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3cz9usPIBWLxL0exNAKSUewgFGijeTlrgNcxG5IdNcP0sqw6PrQYSKNjSJZf1jx+th1K95gcj+6INo/npfL2wV7ArxInBnJoxnKXm7ktiOahCA05USppmPHupUSqRnlMMy6iYKY0B7pQNNQQUJQrXSScYiPjdLGQSTNERpP1N8bKQmVGoS+mRynUfPeWPzPayY6uGqlTMSJBkGnDwUJxzrC48Jwm0mgmg8MIVQy81dMu0QSqk2tWVOCMx95kdTOCs55wbm7yJdOZ3Vk0CE6QifIQZeohG5RGVURRU/oBb2hd+vZerVG1sd0dMma7RygP7C+vgExYKU0</latexit>

 1
1 =

1

4

2

41 ·

0

@
S1x

S1y

S1z

1

A+ 1 ·

0

@
S1x

�S1y

�S1z

1

A+ 1 ·

0

@
�S2x

�S2y

S2z

1

A+ 1 ·

0

@
�S2x

S2y

�S2z

1

A

3

5

<latexit sha1_base64="7/jzdqvVg3K1dfKoWEk+aQQjIW8="></latexit>

only x-component of spin (antiferromagnetically coupled)
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Group theory
Magnetic models - Γ1

1 2

Sx + -

Sy 0 0

Sz 0 0

1 2 3 4

Sx + - - +

Sy + + - -

Sz + - + -

1

2
1

2

3

4

4 refinable coefficients instead of 36
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Group theory
Magnetic models - Γ2

1 2

Sx + +

Sy 0 0

Sz 0 0

1 2 3 4

Sx + + + +

Sy + - + -

Sz + + - -

1

2
1

2

3

4

4 refinable coefficients instead of 36
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Group theory
Magnetic models - Γ3

1 2

Sx 0 0

Sy + -

Sz + +

1 2 3 4

Sx + + - -

Sy + - - +

Sz + + + +

1

2
1

2

3

4

5 refinable coefficients instead of 36
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Group theory
Magnetic models - Γ4

1 2

Sx 0 0

Sy + +

Sz + -

1 2 3 4

Sx + - + -

Sy + + + +

Sz + - - +

1

2
1

2

3

4

5 refinable coefficients instead of 36
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Group theory
Magnetic models

Γ4 1 2

Sx 0 0

Sy + +

Sz + -

1 2 3 4

Sx + - + -

Sy + + + +

Sz + - - +

Γ3 1 2

Sx 0 0

Sy + -

Sz + +

1 2 3 4

Sx + + - -

Sy + - - +

Sz + + + +

Γ2 1 2

Sx + +

Sy 0 0

Sz 0 0

1 2 3 4

Sx + + + +

Sy + - + -

Sz + + - -

Γ1 1 2

Sx + -

Sy 0 0

Sz 0 0

1 2 3 4

Sx + - - +

Sy + + - -

Sz + - + -
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Group theory
Literature
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Springer-Verlag (1990) 

R. Ballou and B. Ouladdiaf 
Representation Analysis of Magnetic Structures 
in Neutron Scattering from Magnetic Materials 
ed. by T. Chatterji, Elsevier (2006) 

N. Qureshi 
Magnetic properties of the kagome staircase mixed system (CoxNi1-x)3V2O8 
PhD thesis 
http://tuprints.ulb.tu-darmstadt.de/1402/ 
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Data analysis
Freely available programs

The symmetry-adapted magnetic model (least possible coefficients)  

has to be refined using e.g. a least-squares algorithm.  

We measure I ~ F2 i.e. we loose the information about the phase.

FullProf Suite (including BasIreps for calculation of irreducible representations)

https://www.ill.eu/sites/fullprof/

https://www.ill.eu/sites/ccsl/html/ccsldoc.html

Cambridge Crystallographic Subroutine Library

Jana http://jana.fzu.cz https://subversion.xray.aps.anl.gov/trac/pyGSASGSAS-II

Mag2Pol https://www.ill.eu/instruments-support/instruments-groups/instruments/d3/software/
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Data analysis
Freely available programs

The symmetry-adapted magnetic model (least possible coefficients)  

has to be refined using e.g. a least-squares algorithm.  

We measure I ~ F2 i.e. we loose the information about the phase.

FullProf Suite (including BasIreps for calculation of irreducible representations)

https://www.ill.eu/sites/fullprof/

https://www.ill.eu/sites/ccsl/html/ccsldoc.html

Cambridge Crystallographic Subroutine Library

Jana http://jana.fzu.cz

Mag2Pol https://www.ill.eu/instruments-support/instruments-groups/instruments/d3/software/

Qureshi (2019) J. Appl. Cryst. 52 175

https://subversion.xray.aps.anl.gov/trac/pyGSASGSAS-II
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Magnetic structure refinement
Set up nuclear structure

‣ atomic positions etc. usually are determined during 

the experiment 

‣ extinction coefficients depend on sample 

‣ Scale factor is important to determine size of 

magnetic moment
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Magnetic structure refinement
Set up magnetic symmetry

E 2x b c

𝚪1 1 1 1 1

𝚪2 1 1 -1 -1

𝚪3 1 -1 1 -1

𝚪4 1 -1 -1 1

Representative elements of the little group:  

‣ (1) identity 

‣ (4) 2-fold rotation axis along x 

‣ (6) glide plane within xy plane  

‣ (7) glide plane within xz plane
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Magnetic structure refinement
Load data and refine structure

‣ data are (hkl) vs intensity and sigmas 

‣ eventually apply absorption correction 

‣ equivalent reflections should be merged 

‣ however, true magnetic symmetry not known at 

beginning of analysis —> treat in P1 

‣ refine allowed and reasonable components
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Magnetic structure refinement
Mixed representations

‣ two irreps can be combined -> symmetry 

reduction 

‣ cycloids/helixes are usually explained with two 

irreducible representations 

‣ e.g.: one real Fourier coefficient modulated by 

Γ3 and one imaginary Fourier coefficient 

modulated by Γ1

E 2x b c

𝚪1 1 1 1 1

𝚪2 1 1 -1 -1

𝚪3 1 -1 1 -1

𝚪4 1 -1 -1 1
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Magnetic symmetry induces electric polarization

2 K 
Γ1 + Γ4 

7 K 
Γ1 

HTI: sinusoidal modulation 

LTI: cycloidal modulation

Mixed representation: reduction of symmetry

4 cycloid chains with same handedness 

such a magnetic structure can induce a ferroelectric 
polarization due to the absence of inversion symmetry
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Symmetry, symmetry, symmetry …

Conclusions

‣ refinement of complex magnetic structures without considering 

symmetry is hopeless 

‣ magnetic symmetry = nuclear symmetry + propagation vector 

+ time inversion  

‣ group theory yields all necessary tools 

‣ use macroscopic knowledge to facilitate analysis 

‣ trial and error
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