




a) Sketch this function for the Lennard-Jones potential used in 1.1 a) at (say) T = 

300K. g(r) is the primary function which is being measured in a diffraction 

experiment.  

b) From your sketch, describe briefly the main differences between U(r) and g(r).  

c) What would happen to g(r) for example if you increased ε  by a factor of 2, or 

increased σ by 20%? 

Note that in the limit of zero density g(r) does not go to zero. 

G 1.3 Of course real materials occur with much higher densities than those of low 

density gases. This gives rise to an additional contribution to g(r) from three-body and 

higher order correlations. In general these are difficult or impossible to calculate 

analytically without making several approximations, so that resort has to be made to 

computer simulation to estimate the effect of many body correlations. 

Figure 1.1 shows a simulated g(r) for our “Lennard-Jonesium” of 1.1, at two 

densities, (a) ρ = 0.02 and (b) ρ = 0.035 atoms/Å3 respectively.  

a) Comparing these with your “zero density” sketch of g(r) from 1.2, describe the 

main effects of many-body correlations on g(r). In particular:- 

i) How does the position of the first peak move with the change in density?  

ii)  How do the positions of the second and subsequent peaks move with 

change in density? 

iii)  Is the amount of peak movement what you expect based on the density 

change? 

b) Why do you think many-body correlations have the effect they do? 

G 1.4 Coordination numbers are defined as the integral of g(r) in three dimensions over 

a specified radius range:- 

( ) ( )∫=
2

1

2
21 4,

R

R

drrgrRRN πρ        (1.3) 

The “running" coordination number at radius r is defined as ( )rN ,0 , which is 
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sometimes written simply as ( )rN . Figure 1.2 shows the running coordination 

numbers for the rdfs of Figure 1.  

a) Using the grid provided estimate approximately the coordination number up to the 

first minimum in g(r) for each of the cases shown in Figure 1. This is what is 

frequently quoted as the “coordination number” of the atom at each density. Do 

these numbers scale with the density?  

b) If instead we had used the same distance range for both densities would the 

coordination numbers scale with density? 

G 1.5 The diffraction experiment does not measure g(r), but its Fourier transform, the 

structure factor, H(Q), where 

( ) ( )( )∫ −=
∞

0

2 sin
14 dr

Qr

Qr
rgrQH πρ       (1.4) 

where Q, the wavevector change in the diffraction experiment, is given by, 

λ
θπ sin4=Q , with 2θ the detector scattering angle, and λ the radiation wavelength. 

The structure factors corresponding to the two densities of Lennard-Jonesium in 1.3 

are shown in Figure 1.3.  

a) Describe the effect of changing the density on the structure factor. How does 

this compare with effect of changing the density on the rdf? 

b) What is the (approximate) relationship between the position of the first peak in 

g(r) and the first (primary) peak in H(Q)?  

c) What would happen to the position of the first peak in H(Q) if we increased 

the value of σ ? 

d) Given that the radial distribution function remains finite at all densities, using 

(1.4) what is the structure factor of an infinitely dilute gas? 

G 1.6 The inversion of (3) to g(r) is given by  

( ) ( )∫
∞

+=
0

2
2

sin

2

1
1 dQ

Qr

Qr
QHQrg

ρπ
      (1.5) 
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Given that the measured H(Q) is likely to have a noise contribution, plus it will not be 

available for all Q values, list some of the difficulties that might be encountered in 

estimating g(r) from an experiment that measures H(Q). 
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Figure G 1.2 

 

                                                                       29  

(a) Lennard-Jonesium N(r) 0.02 atoms/Å^3
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(b) Lennard-Jonesium g(r) 0.035 atoms/Å^3
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Figure G 1.3 
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(a) Lennard-Jonesium structure factors 0.02 atoms/Å ^3
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(b) Lennard-Jonesium structure factors 0.035 atoms/ Å^3
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Exercise G 2: Two component systems: use of isotope substitution and the case of 
molten ZnCl2. 

The diffraction pattern from a system containing 2 atomic components can be written 

as 

( ) ( ) ( ) ( )QHbcQHbbccQHbcQF 22

2

2
2
212212111

2

1
2
1 2 ++=   (2.1), 

where cα  is the atomic fraction and bα  is the neutron scattering length of component α , 

Hα β (Q) is the partial structure factor (psf), analogous to (1.4) above, for the pair of 

atoms α ,
β

, defined by: 

( ) ( )( )∫ −=
∞

0

2 sin
14 dr

Qr

Qr
rgrQH αβαβ πρ      (2.2), 

and gα β (r) is the site-site radial distribution function of 
β

 atoms about α . Note that 

formally with the definitions being used here gα β (r) ≡  gβ α (r). The brackets around the 

scattering lengths indicate that the scattering lengths have to be averaged over the spin 

and isotope states of each atomic component. The coordination number of 
β

 atoms 

about atom α  can be defined in an analogous manner to (1.3):- 

( ) ( )∫=
2

1

2
21 4,

R

R

drrgrcRRN αββαβ πρ       (2.3) 

A general rule is that if there are N distinct atomic components in a system, then there 

are ( ) 21+NN  site-site radial distribution functions and partial structure factors to be 

determined. By “distinct atomic components” we do not necessarily mean atom types. 

For example a methyl hydrogen atom on an alcohol molecule is distinct from the 

point of view of the structure to a hydroxyl hydrogen atom, even though they are the 

same atom type. 

G 2.1 A classic example of the application of the isotope substitution method to a two-
component liquid is the molten ZnCl2 experiment of Biggin and Enderby (J. Phys. C: 
Solid State Phys., 14, 3129-3136 (1981). 

a) What are the atomic fractions of Zn and Cl in ZnCl2 salt? 

b) Hence, based on equation (2.1), write down a formula for the diffraction 
pattern of ZnCl2 in terms of the Zn-Zn, Zn-Cl and Cl-Cl partial structure 
factors. 

c) Given that two isotopes of chlorine are available, 35Cl and 37Cl, with 
markedly different scattering lengths (11.65fm and 3.08fm respectively)
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briefly explain how you might extract the three partial structure factors for 
ZnCl2 experimentally. 

d) Are there any other experimental techniques that could be used to do this? 

G 2.2 Figure 2.1 shows the actual diffraction data of Biggin and Enderby, while Table I 
below lists the neutron weights outside each partial structure factor for each of the 
Biggin and Enderby samples: 

Table I 

Sample At%35Cl 

[%] 

At.% 37Cl 

[%] 

Individual psf weighting factors 

[barns/sr/atom]† 

   Zn-Zn Zn-Cl Cl-Cl 

Zn35Cl2 99.3   0.7 0.0358 0.2929 0.5982 

ZnMixCl2 67.7 32.3 0.0358 0.2253 0.3541 

Zn37Cl2   2.7 97.3 0.0358 0.0837 0.0489 

†1 barn = 10-28m2. 

a) On the basis of the numbers in this table describe any problems that might 
arise in attempting to invert the diffraction data to partial structure factors. 
Look also at the diffraction data themselves, Figure 2.1. 

b) Given those reservations, what might happen when we try to convert the 
extracted partial structure factors to radial distribution functions using the 
Fourier transform equation (1.5)? 

c) Describe another method that might be used to separate out the site-site 
radial distribution functions from the measured diffraction data. 

G 2.3 Figure 2.2 shows a computer simulation of the radial distribution functions of 
molten zinc chloride, ZnCl2, as derived from the Biggin and Enderby diffraction data. 

a) Using the grid, or other method, estimate approximately the coordination 
number of Cl around Zn. The atomic number density for this material is 
0.0336 atoms/Å3. 

b) Given this number, and the position of the Zn-Zn and Cl-Cl first peaks, 
what can you say about the local structure in molten ZnCl2? 

c) For the region beyond the first peaks, what do you notice about the three 
site-site rdfs for molten ZnCl2? Use this to speculate on what might be 
happening to the ordering of the Zn and Cl atoms. 

d) Speculate on why the second peak in the ZnCl distribution might be split. 
(This is a tough question!) 
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Figure G 2.1 Diffraction data (points) for molten zinc chloride using different chlorine 
isotope mixtures. The line is a modern fit to these data using an EPSR (empirical 
potential structure refinement) computer simulation. 

 

ZnmixCl2 

33



Figure G 2.2 Radial distribution functions for molten zinc chloride. 
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Exercise G 3. Molecular systems and orientational correlations. 

Molecular systems present a particular challenge to the diffraction experiment. Not 
only can a molecule have a position, but in addition it has an orientation, which in 
general is expressed in terms of 3 Euler angles, ( )MMMM χθϕ ,,=ω . The Euler angles 
can be defined in a variety of ways, but a common convention used throughout the 
work at ISIS is a follows: first the molecule is rotated about its initial z-axis by an 
amount φ M. Then it is rotated about its new y axis by an amount θ M. Finally it is 
rotated about its new z axis by an amount χ M. All rotations are performed using the 
right hand screw rule. 

The previous radial distribution function is now replaced by the pair correlation 
function, ( )2112 ,, ωωrg  of molecule 2 about molecule 1, where r 12 is the vector from 1 
to 2 (in the laboratory reference frame). This pair correlation function is in general 
therefore a function of 9 scalar dimensons. If however we make the laboratory 
reference frame coincident with the coordinate axes of molecule 1 at the origin, (in 
other words set 01 =ω ), then 2

ω  is simply the orientation of molecule 2 relative to 

molecule 1, (we’ll call this M
ω ) and our 9-dimensional problem has become a 6-

dimensional problem. See Figure 3.1. 

Figure G 3.1 Coordinate axes for the orientational pair correlation function. 
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This still is too many dimensions to visualise easily however. Therefore a simpler 
function is often discussed, prior to investigating the details of the relative 
orientations. This is called the spatial density function (SDF) and is obtained by 
averaging ( )212 ,0, ωrg  over the orientations of molecule 2, leaving a function of only 
3 dimensions (r12, 

θ
L, φ L), where (

θ
L, φ L) is the direction away from molecule 1. This 

can be plotted using a surface contour. Hence the SDF represents the distribution of 
neighbouring molecules around one at the origin after averaging over the orientations 
of those neighbours. It is sometimes written simply as 

( ) ( )
2

21212 ,0,,, ωωrgrg LL =ϕθ       (3.1). 

Figure G 3.2 Coordinate axes of the spatial density function 

 

Unfortunately it is not possible to measure either the spatial density function or the 
full orientational pair correlation function with neutrons (or any other technique for 
that matter). Hopefully this exercise will demonstrate the powerful role neutrons can 
play in identifying the spatial density function in particular instances. 

 

G 3.1 Given that the diffraction experiment probes only atom positions. 

a) Describe the fundamental limitations on attempting to extract the full 
orientational pair correlation function from a set of diffraction data; 
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b) Describe how we might nonetheless approximately extract the spatial density 
function and orientational correlation functions from a set of diffraction data. 

G 3.2 The choice of internal axes for a molecule depends on its symmetry. Describe or 
sketch a suitable set of axes for the following molecules: H2O, NH3, CH4, benzene 
(C6H6), methanol (CH3OH), and ethanol (CH3CH2OH). 

G 3.3 Water, H2O, and its solutions and mixtures are probably some of the most widely 
studied fluids with neutrons. 

a) Explain why water can be studied so usefully with neutrons. 

b) Given that the OH distance in the water molecule in the liquid is ~0.98Å and 
the HH distance is ~1.55 Å, sketch a water molecule. 

c) Take as given that the oxygen atom on water is negatively charged, and the 
hydrogen atoms are positively charged, and assume that when a hydrogen 
bond forms the OH bond on one molecule points directly towards the oxygen 
on another. Draw a sketch of the likely arrangement of a few (4) water 
molecules hydrogen bonded to a central water molecule. Mark on the sketch 
and write down a few of the critical distances that are likely to occur in this 
cluster. Note that the O-O nearest neighbour distance is ~2.8Å, while the O-H 
intermolecular distance along a hydrogen bond is ~1.8Å. You should have at 
least 2 distances for each of O-O, O-H and H-H pairs. 

d) Figure 3.1 shows the estimated O-O, O-H and H-H radial distribution 
functions for water, as derived by computer simulation of the diffraction data 
from mixtures of heavy and light water. How do the peaks in these functions 
compare with your distances in c)? What feature of the real rdfs is lacking in 
simple models such as we have generated in c)? 

e) Using your sketches and the data of Figure 3.1, imagine or sketch a water 
molecule at the origin, with its oxygen atom at the origin and hydrogen atoms 
in the (positive) z-y plane. Try to map out in which directions (θ L, φ L) you 
would expect to see neighbouring first shell water molecules. Compare your 
predictions with the actual results for the simulations of Figure 3.1 as shown in 
Figure 3.2a, which shows the SDF for water in the distance range 2 – 3.25Å. 

f) Figure 3.2b shows the same SDF but in the distance range 3.25Å – 4.5Å. This 
is the region up to the second maximum in gOO(r). Compared to 3.2a do you 
notice anything about the distribution of density in this second figure? 

g) Finally, in the lobes marked I and II in figure 3.2a, write down or sketch the 
most likely orientations of water molecules in these lobes. Where do the 
uncertainties in these orientations arise from? 
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Figure G 3.1 Radial distribution functions for water. OW means water oxygen. HW1 
means water hydrogen. 
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Figure G 3.2a Spatial density function of water about water for the distance range 2 – 
3.25Å. 

 

Figure G 3.2b Spatial density function of water about water in the distance range 3.25Å 
– 4.5Å.  
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H: Polarized Neutrons 

 

Exercises H 

 
 
H1. a) In the instrument in fig. 1, what is the beam polarization if the there are 51402 

counts/second with the flipper off and 1903 counts per second with the flipper on?  
Provide also a calculation of the error bar in the beam polarization value. 
 
b) What would be the main sources of systematic error in this measurement? 

Figure H1 
 
 

H2. a) Fig. 2 shows a configuration for a Dabbs-foil flipper, designed for neutrons of 
wavelength 2Å.  By checking the rate of the field rotation, state whether you believe 
that this is a good design for a -flipper. 
b) Suggest ways in which the design may be improved. 
 
 
 

   
Figure H2 
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H3. a)   Assuming that a polarizing filter has an absorption cross-section consisting of a 
spin-dependent part and a spin-independent part of the form 
     0 P± = ±  

show that the neutron polarization and transmission through the filter are given by 
    tanh( )pP Nt= and exp( )cosh( )o pT Nt Nt= . 

 
Hint: the number of neutrons transmitted through the filter will be proportional to exp(-

N t) where N is the number density of scatterers in the filter, and t is the thickness 

 
b)   Given that the nuclear spin of a 3He nucleus is I = ,  show that the polarization of 
the 3He nuclei is given by: 

      
0

p

HeP = , 

and hence find expressions for the polarization and transmission of a 3He spin-filter. 
Hint:  equate the expressions ( )(1 )a NE P± = ±  and 0 P± = ± . 

 
 

H4. Show that the polarizing efficiency of a crystal monochromator is given by 

    Pf =
2FN (Q)FM (Q)

F
N

2 (Q) + F
M

2 (Q)[ ]
, 

where the symbols have their usual meanings. 
 
 
 

H5. Why is it not necessary to analyse the neutron spin when scattering from a ferromagnet 
saturated in a direction perpendicular to Q? 
 
 
 

H6. a) Verify the following relations (so-called Pauli spin relations): 

    

,

,

,

x x

y y

z z

i i

= =

= =

= =

 

where x, y and z are the Pauli spin matrices and the spin-up and spin down neutron 

eigenstates are given by
1

0
=  and 

0

1
=  

 
b) Hence show that the spin flip scattering is sensitive only to those components of the 
magnetisation M  perpendicular to the neutron polarization vector (along z). 
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H7. Using the Moon, Riste and Koehler expressions, together with the definition of the 
Fourier component of the magnetisation perpendicular to Q, M , show that the magnetic 
scattering is entirely spin-flip if the neutron polarization is parallel to Q. 
 
 
 

H8. What is the advantage of the X-Y-Z difference method of magnetic scattering 
separation over the method of measuring with the neutron polarization P || Q? 
 
 
 

H9. What is the advantage of using neutron spin-echo in order to investigate para-magnetic 
quasi-elastic scattering? 
Hint:  Magnetic scattering from a paramagnet will be entirely spin-flip when the 
polarization is perpendicular to Q and entirely non-spin-flip when parallel to .  –  And 
the plane of precession of the neutrons is parallel to Q. 
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 Values  of  Physical  Constants : 
 

 
      SI units 
  
speed of light c 2.998× 108 m s-1 
charge of electron e 1.602x10-19 coulombs 
Boltzmann's constant  kB 1.38× 10-23  J K-1 
Planck's constant h 6.626× 10-34  J s 
Avogadro's  number NA 6.02× 1023  mol-1 
mass of electron me 9.109x10-31 kg 
mass of proton mp 1.673x10-27 kg 
Bohr magneton µ B    
                        = eh / 2me( )

9.274x10-24 J/tesla 

nuclear magneton  µ N   
                     

  
= eh / 2mp( )

5.051x10-27 J/tesla 

 
 

                                            Properties of the neutron: 
 
 

         mass mn      1.675x10-27 kg 
         charge       0 
         spin      1/2 
         magnetic moment       -1.1913 µ N  

 
  

 
 Relations  between  Units 

 
    1 eV      ≡     1.602x10-19  J   ≡    1.602x10-12  erg    
 
 ≡    2.418x1014 Hz  ≡   8.065x103 cm-1  ≡   11,600 K 
 

1Å ≈ 82meV ≈ 660cm −1
;  

1meV ≈ 1.5THz ≈ 12K . 
 
 

 




